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Statistical mechanical concepts were applied to analyze the temperature dependence of the isosteric heat of
adsorption and, consequently, the difference between the adsorbed and gas phase heat capacities for monatomic,
diatomic, and linear and nonlinear polyatomic molecules. Expressions were developed at the two extremes of
localized and mobile adsorption. Also, the effects of the molecular size and shape on the isosteric heats of
adsorption and the dependence on temperature were analyzed. The temperature dependence of the isosteric
heat of adsorption was always important, especially for localized adsorption, heavily adsorbed molecules, or
relatively low temperatures. At relatively high temperatures, the temperature dependence of the isosteric heat
of adsorption became linear with a fixed slope, regardless of the molecular size (for both localized and mobile
adsorption) and molecular shape (for mobile adsorption). Depending on the type of molecule and/or temperature,
the difference between the adsorbed and gas phase heat capacity could be either negative or positive; and in
some cases, significant deviations were exhibited mostly at industrially relevant conditions.

Introduction

Recent analyses1 have shown that nonisothermal pressure
swing adsorption simulations can be very sensitive to variations
in thermodynamic properties such as the isosteric heat of
adsorption and the adsorbed phase heat capacity, which is related
to the temperature dependency of the isosteric heat of adsorption.
The isosteric heat of adsorption is typically estimated by
applying the Clausius-Clapeyron equation to adsorption iso-
therm data.2-4 There are only two published approaches which
look for a possible dependency of the isosteric heat of adsorption
on temperature. The first and more conventional approach plots
the pressure logarithm versus the temperature reciprocal from
experimental adsorption equilibria. This approach always re-
sulted in linear plots,3,4 leading to the assumption of a negligible
temperature dependency. However, recent studies, which have
adopted the second approach of applying the Clausius-
Clapeyron equation to various forms of adsorption isotherm
models, have shown that altering the order of the temperature
dependency of the parameters in these models to improve their
description of adsorption equilibria with temperature,5-7 or
extending these models to account for surface heterogeneity,8

can indicate different degrees of temperature dependencies of
the isosteric heat of adsorption. Surprisingly, when plotting the
adsorption equilibria in the Clausius-Clapeyron form (pressure
logarithm versus the temperature reciprocal), using statistically
optimized correlations that describe the experimental data very
well and also indicate a noticeable temperature dependency of
the isosteric heat of adsorption,7 the resulting relationships were
highly linear, in agreement with the results obtained from the
first more conventional approach. Also, multicomponent isos-
teric heats of adsorption can be temperature dependent, even
when the single-component isosteric heats of adsorption for
some of the components in the mixture are not.5 The temperature

independence of the isosteric heat of adsorption also causes the
adsorbed phase heat capacity to be equal to the gas phase heat
capacity.9 This fact is disturbing because relatively weak
temperature dependencies of the isosteric heat of adsorption can
result in about a 20% difference between the adsorbed and gas
phase molar heat capacities.8 Moreover, density functional
theory predictions of the isosteric heat of adsorption10 exhibit
weak temperature dependencies that are, in most cases, of the
same order as those predicted from correcting the Fowler-
Guggenheim model to account for surface heterogeneity with
a uniform energy distribution.8 Although these results tend to
suggest that the temperature independent assumption is valid
and should give reasonable values for the isosteric heat of
adsorption, it can lead to erroneously different values of the
adsorbed phase heat capacity,8 which in turn can impact
significantly nonisothermal adsorption process simulations.1

Results from the literature have shown that the temperature
dependence of the isosteric heat of adsorption is directly related
to the adsorbate-adsorbent interactions as represented by a
temperature-dependent extension of the Fowler-Guggenheim
isotherm to account for adsorption on a heterogeneous surface
with a uniform distribution of adsorption energies.8 Variable
temperature dependencies of the isosteric heats of adsorption
have also been demonstrated using concepts from gas phase
vibrational partition functions11 and surface energy site distribu-
tions.12 However, these analyses are limited to specific models8

or specific cases at relatively high temperatures.11,12

Molecular simulations can also provide relatively accurate
predictions of the derived thermodynamic properties in dense
phases when an accurate description of the intermolecular
potentials is applied. Hard sphere and Lennard-Jones potentials
with different proportions of interaction and repulsion terms are
the most widely used potentials.11 However, molecular simula-
tions are necessarily applied to very specific and simple
molecules at specific adsorption conditions. In contrast, simple
and idealized statistical mechanical approaches are more suitable
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for generalizing the roles of different parameters on the
temperature dependence of the derived thermodynamic proper-
ties; and although they may not be as accurate as molecular
simulations in predicting these properties at specific adsorption
conditions, statistical mechanical approaches definitely provide
the correct trends and magnitudes for the ideal gas adsorption
conditions, which are the focus of this study. Therefore, the
objective of this work is to further apply the statistical
thermodynamic approach to gain more insight into the temper-
ature dependence of the isosteric heat of adsorption from the
canonical partition function for the adsorbed and gas phase
ensemble.

Different simplifying assumptions and adsorption conditions
are evaluated with accordance to their impact on the temperature
dependence of the isosteric heat of adsorption and, consequently,
the adsorbed phase heat capacity. Although real adsorption
systems rarely correspond to either simple localized or nonlo-
calized (mobile) conditions, this analysis is carried out at these
two extreme limits to obtain clear insights into the corresponding
boundaries of the temperature dependence of the isosteric heat
of adsorption. For all cases, the effects of molecular size and
shape are considered and new expressions are presented for
predicting both the isosteric heat of adsorption and adsorbed
phase heat capacity, on the basis of different statistical me-
chanical models of the adsorbed and gas phase ensemble.

Theory

The statistical mechanical adsorption isotherm is usually
obtained by deriving an expression for the chemical potential
of the adsorbed phase and equating it to the gas phase chemical
potential at the same conditions.11,13-15 Applying this approach
to localized adsorption results in the popular Langmuir isotherm
model11,13,14which is given by

whereθ is the fractional surface coverage () N/M), P is the
pressure,T is the temperature,M is the number of adsorption
sites, andN is the number of adsorbed molecules. The
corresponding expression for nonlocalized (mobile) adsorption
is derived using a two-dimensional fluid equation of state and
is generally given by12,15

whereb(T) is the Henry’s law constant and is given in both
cases by

whereε refers to the potential energy minimum of an adsorbed
molecule andR is the universal gas constant. Here,b(T) can
also be extended in both cases with Bragg-Williams-type
approximations to account for lateral interactions as

wherez is a fixed number,ω is the nearest-neighbor interaction
energy, andb0 is given by

wherem is the mass of the molecule,h andκ are Planck’s and
Boltzmann’s constants, respectively,q(T) is the molecular
partition function of the adsorbed phase, andQint

g (T) is the
partition function of the internal degrees of freedom (mainly,
rotational and vibrational) for the component in the gas phase.
A summary of the expressions forQint

g (T) and the correspond-
ing gas phase heat capacities is given in the Appendix. Clearly,
b0 is temperature dependent, and its temperature dependency
varies with variations in the conditions encountered in the
ensemble of the adsorption system, as well as the assumptions
that are used in evaluating the partition functions. Typicallyq
is obtained by applying the rigid rotator approximation and
harmonic oscillations, which leads to11,13-14

where qtrans, qel, qnucl, qvib, and qrot are the translational,
electronic, nuclear, vibrational, and rotational contributions of
the molecular partition function, respectively, andΩel is the
degeneracy for the lowest electron-level energy. These partition
functions can be expressed in different alternative forms,
depending on the system and corresponding conditions and
assumptions.16 Also, some of these partition functions can
overcome the others depending on the degree of the adsorbed
phase mobility as shown later in the discussion.

The isosteric heat of adsorption can be obtained from the
Clausius-Clapeyron equation:

Substituting eq 1 or 2 and eq 3 into eq 6 gives the following
expression for the isosteric heat of adsorption:

The difference between the differential adsorbed phase and
molar gas phase heat capacities is obtained from the temperature
dependence of the isosteric heat of adsorption8 by

which, when applied to eq 7, becomes

Therefore, according to eqs 7 and 9, the temperature dependence
of the isosteric heat of adsorption, its deviation from the average
adsorption energy (ε - zωθ), and the difference between the
differential adsorbed phase and molar gas phase heat capacities
all depend highly on the temperature dependence ofb0. As b0

reflects mainly the adsorbate-adsorbent interactions as shown
in eq 4, this result agrees with the classical thermodynamic
approach,8 which shows that the temperature dependence
appears mainly as a result of interactions between the adsorbate
and adsorbent as represented by the surface heterogeneity
parameter. However, in that case8 the heterogeneity parameter
was the only parameter reflecting this type of interaction.

Simple formulas for the temperature dependence ofb0 have
been considered in the literature by considering the high
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temperature approximation on the vibrational contribution from
the adsorbed phase in both localized11 and nonlocalized13

adsorption. The results from these studies show that the isosteric
heat of adsorption for a monatomic ideal gas adsorbed at
relatively high temperatures is obtained from

for the Langmuir isotherm. The negative and positive signs
correspond to localized11 and nonlocalized adsorption,13 respec-
tively. Equation 10 gives∆Chpa ) -R/2, with the opposite sign
from eq 10. Therefore, nonlocalized adsorption and the high
temperature approximation of the adsorbed phase vibrational
partition function13 estimate the differential adsorbed phase heat
capacity to be below the molar gas phase heat capacity (negative
∆Chpa), which indicates extremely weak adsorption conditions;
however, localized adsorption11 results in a positive∆Chpa.

This brief analysis shows that different treatments of the
adsorption ensemble at different conditions can result in
remarkably different temperature dependencies of the isosteric
heats of adsorption. Clearly, in addition to the effect of the high
temperature approximation, the nature of the adsorbed phase
and its relative mobility on the surface of the adsorbent have a
remarkable effect on the sign and magnitude of the temperature
dependency of the isosteric heat of adsorption and the deviation
between the differential adsorbed phase and molar gas phase
heat capacities. Therefore, different statistical mechanical models
of the adsorbed gas phase ensemble, along with different
parameters and conditions, are analyzed below to determine each
of their impacts on the isosteric heat of adsorption and
corresponding adsorbed phase heat capacity.

Results and Discussion

The contribution ofb0 in the predicted temperature depen-
dence of the isosteric heat of adsorption and∆Chpa results from
its own temperature dependency, regardless of the temperature’s
linear multipliers, as demonstrated below. Therefore, the parti-
tion functions in eqs 2 and 5 are subjected to different conditions
and scenarios to illustrate their roles on the temperature
dependence ofb0 and, hence, the isosteric heat of adsorption
and∆Chpa. The analysis covers monatomic, diatomic, and linear
and spherical-top nonlinear polyatomic adsorbate molecules in
equilibrium with an ideal gas phase, which is assumed to exhibit
separable Hamiltonians and negligible intramolecular interac-
tions.16 Each of these cases is evaluated at the extreme conditions
of localized (immobile) and nonlocalized (mobile) adsorption.
The effect of temperature in different scenarios is also analyzed.

Isosteric Heat of Adsorption and Adsorbed Phase Heat
Capacity of a Monatomic Molecule.In this case, in addition
to the absence of internal degrees of freedom in the gas phase
(see Appendix A1), the rotational contribution in the adsorbed
phase is negligible. Therefore, the only factors are the relative
contributions from the vibrational and translational partition
functions in the adsorbed phase, as shown in eq 2. These factors
change with the relative mobility of the adsorbed phase on the
surface of the adsorbent.

In the extreme limit of a localized (immobile) adsorbed phase,
all of the translational degrees of freedom change into vibrational
degrees of freedom.11 Therefore, for an adsorbed monatomic
molecule, there are only three vibrational degrees of freedom
in the adsorbed molecule, one normal and two parallel to the
plane of the adsorbent surface.11 As a result of this phenomenon,
and assuming almost equal frequencies of vibration in the three

directions, eq 5 simplifies to

which leads to

To obtain the proper form ofqvib, the dimensionless adsorbed
phase vibrational temperature,τvs, is introduced here as the ratio
of the temperature of the system to the adsorbed phase vibration
frequency temperature, orτvs ) T/Φvs, whereΦvs ) hνvs/κ and
νvs is the frequency of vibration. Generally, the vibrational
partition function at such a vibration frequency temperature,
τv, is given explicitly by

which, at a very highτv, reduces to

Substituting eqs 11 to 13 in eq 7 gives

which, with the high adsorbed phase vibrational temperature
(τvs) approximation, reduces to

Equations 15 and 16 provide analytic expressions for the
isosteric heat of monatomic localized adsorption as a function
of temperature and the frequency of vibration in the adsorbed
phase. Substituting these expressions into eq 8 leads to the
following explicit expressions for∆Chpa at low and highτvs,
respectively:

with eqs 16 and 18 satisfying the previously published results.11

In the other extreme limit of a nonlocalized (mobile) adsorbed
phase, only one translational degree of freedom in the adsorbed
phase changes into a vibrational degree of freedom normal to
the plane of the adsorbent surface, leaving a two-dimensional
translational partition function, along with a one-dimensional
vibrational partition function, in eq 2. Therefore, eq 5 reduces
in this case to

wherea2 is the unit area for the 2-dimensional adsorbed phase
translational partition function andqvib is treated as before (see
eqs 13 and 14). Substituting eq 19 into eq 7 gives
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which, with the highτvs approximation, reduces to

Substituting these expressions into eq 8 gives the following
explicit expressions for∆Chpa at low and highτvs, respectively:

Equations 21 and 23 satisfy the results obtained indirectly by
Adamson.13 The difference in signs between eqs 18 and 23
shows the role of the adsorbed phase when it is localized or
mobile at high adsorbed phase vibrational temperatures.

Figure 1 shows the effect ofτvs on the relative error included
in the assumption of equal differential adsorbed and molar gas
phase heat capacities (η), the absolute deviation between the
differential adsorbed and molar gas phase heat capacities, and
the relative magnitude of the temperature dependency of the
isosteric heat of adsorption in terms ofRT, for both localized
and mobile adsorption. Figure 1a shows that, relative to the
monatomic ideal gas phase heat capacity, about(20% error
can result from assuming equal adsorbed and gas phase heat
capacities at highτvs, which is the expected condition of most
industrial applications. If lower temperatures or stronger adsorp-
tion bonds are encountered, the absolute magnitude of this error
can be as high as 60% for nonlocalized adsorption or 100% for
localized adsorption. Also, except for localized adsorption at
high τvs, the monatomic adsorbed phase heat capacity is less
than the molar gas phase heat capacity, as also shown in Figure
1b. Nonlocalized adsorption exhibits a higher heat capacity than
localized adsorption at lowτvs. However, these two curves cross
each other atτvs = 0.35 with ∆Chpa = -R for each, and the
trend inverts at higherτvs exhibiting a higher adsorbed phase
heat capacity for localized adsorption. This point of intersection
shows that an intermediate value ofτvs exists where the two
vibrational degrees of freedom parallel to the surface of the
adsorbent become equivalent to the two-dimensional transla-
tional degree of freedom, resulting in equal effects of localized
and nonlocalized adsorption on the related thermodynamic
properties. The difference between the localized differential
adsorbed and molar gas phase heat capacities diminishes atτvs

= 0.7; then it begins to deviate again, but in the positive
direction, until it reaches a fixed value of+R/2 at relatively
high temperatures. The corresponding trend for nonlocalized
adsorption always stays negative and becomes increasingly
closer to the gas phase heat capacity with increasingτvs, until
∆Chpa reaches a fixed value of-R/2.

Figure 1c shows that the temperature dependent monatomic
isosteric heat of adsorption always causes a negative deviation
from the minimum adsorption potential energy,ε, at low τvs.
This deviation disappears for nonlocalized adsorption atτvs =
0.4, and increases thereafter until it reaches the highτvs limit
of +RT/2. Since room temperature is expected to be much
higher thanΦVs, especially for weak adsorption,13 high values
of τvs are expected. So clearly the temperature dependence of
the isosteric heat of adsorption tends to increase the isosteric
heat of adsorption when increasingτvs except for localized
adsorption at relatively highτvs, where it starts to decrease
slightly with increasingτvs, as indicated by the change in sign
of the corresponding∆Chpa. It is noteworthy that this behavior

depends only on the vibration frequency in the adsorbed phase;
a completely different behavior is realized when the vibration
in the gas phase dominates, as demonstrated in the following
section.

Figure 1. Effect of monatomic adsorbed phase vibrational temperature
on the (a) percent error of assuming equal adsorbed and gas phase heat
capacities, (b) predicted deviation of the differential adsorbed phase
heat capacity from the molar gas phase heat capacity, and (c) magnitude
of the temperature dependent term of the isosteric heat of adsorption.
The inserts indicate the expected conditions for industrial adsorption
processes.

qst ) ε - zωθ + RT/2 (21)

∆Chpa ) R(-3
2

+
exp(1/τvs)

τvs
2
[exp(1/τvs) - 1]2) (22)

∆Chpa ) -R/2 at highτvs (23)
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Isosteric Heat of Adsorption and Adsorbed Phase Heat
Capacity of a Diatomic Molecule. In this case, the internal
degrees of freedom of the gas phase contribute to the value of
b0. In contrast to the rotational frequency temperature, the
vibrational frequency temperature in the gas phase,Φvg, can
normally be several hundreds or even thousands of degrees
Kelvin for diatomic and polyatomic molecules.16 Therefore, the
high gas phase vibrational temperature (τvg ) T/Φvg) ap-
proximation can be highly misleading unless the system is really
considered at extremely high temperatures. The adsorbed phase
frequency of vibration is also expected to be orders-of-
magnitude less than the gas phase frequency of vibration and,
as mentioned previously, room temperature. Therefore, the
adsorbed phase vibrational partition function is estimated from
the highτvs approximation, i.e., from eq 14.

As with the monatomic molecule case, when the extreme
condition of localized (immobile) adsorption is considered, all
of the degrees of freedom in the adsorbed phase change into
vibrational degrees of freedom. Therefore, with the highτvs

approximation for the resulting six vibrational degrees of
freedom in the adsorbed phase and with the partition function
for the internal degrees of freedom of a diatomic gas molecule
(see Appendix A2),b0 is given by

which reduces to

upon applying the highτvg approximation. Substituting eq 24
into eq 7 gives the following expression for the localized,
diatomic, isosteric heat of adsorption:

or whenτvg . 1

The absolute deviation from the minimum potential energy of
adsorption at the high temperature limit has increased by a
magnitude ofRT, compared to that of the monatomic gas. This
higher temperature dependence of the isosteric heat of adsorption
is due to the effects of the internal degrees of freedom in the
gas phase on the temperature dependence ofb0. Substituting
eq 26 into eq 8 gives the following expression for∆Chpa:

which reduces to+3R/2 upon applying the highτvg approxima-
tion.

At the other extreme of nonlocalized (mobile) adsorption,
only one translational degree of freedom in the adsorbed phase
changes into a vibrational degree of freedom. Although some
rotational degrees of freedom may change upon adsorption to
an intermediate form between vibration and rotation, they are
assumed here to be unchanged. Nevertheless, a comparison
between eqs 14 and A3 shows that the high temperature

approximation for both the adsorbed phase vibrational and
rotational partition functions gives similar, linear temperature
dependencies; thus, the resulting expressions for the isosteric
heat of adsorption are unaffected by distinguishing between
these two types of degrees of freedom. After substituting the
resulting two-dimensional translational partition function, along
with the remaining vibrational and rotational degrees of freedom,
into eq 4,b0 becomes

or with the highτvg approximation

Substituting eq 29 into eq 7 gives the following expression for
the diatomic nonlocalized isosteric heat of adsorption:

with the corresponding highτvg approximation given by

Equations 21 and 32 indicate that when nonlocalized adsorp-
tion is considered at relatively high temperatures, the size of
the molecule is insignificant to the isosteric heat of adsorption.
On the other hand, the isosteric heat of localized diatomic gas
adsorption at relatively high temperatures shows a considerable
difference from, at least, the isosteric heat of monatomic gas
adsorption. These contradicting behaviors at high temperatures
are due to the fact that the adsorbed phase in nonlocalized
adsorption now has equivalent rotational and vibrational degrees
of freedom to substitute for those introduced from the gas phase.
Therefore, as they all have the same temperature dependence
at high temperatures and the isosteric heat of adsorption is
unaffected by distinguishing between these degrees of freedom
when they all have the same linear temperature dependence,
the isosteric heat of nonlocalized adsorption at high temperatures
becomes the same, but only because it is estimated in reference
to the gas-phase enthalpy. Nevertheless, the enthalpy of both
the gas and adsorbed phases would change in equal magnitudes
upon changing the size of the molecule, thereby keeping the
difference fixed between the enthalpies of both phases. Sub-
stituting eq 31 in eq 8 gives the following expression for∆Chpa

for diatomic nonlocalized adsorption:

which, at highτvg, reduces to-R/2.
Figure 2 shows the effect ofτvg on the relative error (η) of

assuming equal adsorbed and gas phase heat capacities, the
magnitude of the deviation between the differential adsorbed
and molar gas phase heat capacities, and the magnitude of the
temperature dependent part of the isosteric heat of adsorption,
all for diatomic molecules with the high temperature approxima-
tions applied to the adsorbed phase vibrational partition function
and also the rotational partition functions in both phases. Figure
2a shows that the deviation between the differential adsorbed

b0 ) x h6Φrg
2 T5

8π3Φvs
12m3

κ
5 (exp(1/τvg) - 1
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2 Φvg
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and molar gas phase (see Appendix A2) heat capacities at low
τvg (which are expected in typical industrial applications) can

be in the approximate range of 14 to 71% for nonlocalized to
localized adsorption, respectively. This shows the increasing
importance of the temperature dependence of the isosteric heat
of adsorption when increasing the size of the molecule, in
comparison to the errors presented in Figure 1a. At highτvg,
the error decreases to-11% for nonlocalized adsorption and
33% for localized adsorption, indicating the importance of the
temperature dependence for diatomic gas adsorption, even at
high temperatures, and especially if relatively strong interactions
between the adsorbent and adsorbate (resulting in localized
adsorption) are expected. In nonlocalized adsorption, however,
η reaches zero atτvg = 0.3 and deviates after that from the gas
phase heat capacity, but in the negative direction. The same
behavior is also shown in Figure 2b with respect to∆Chpa. This
phenomenon (the cancellation of the temperature dependence
of the isosteric heat of adsorption as a result of certain adsorption
conditions) has been observed elsewhere5 and was related to
the ratio between different interactions. Moreover, Figure 2b
shows that for nonlocalized adsorption of a diatomic molecule
at low τvg, ∆Chpa can be as high as+R/2 and decreases with
temperature until it reaches-R/2; the same trend of∆Chpa

decreasing with increasingτvg can also be noticed for localized
adsorption. Comparing this to theτvs effect in Figure 1b shows
that an increase in the vibration frequency in the gas phase or
a decrease in temperature (both resulting in a decrease inτvg)
has a positive effect on∆Chpa; while an increase in the vibration
frequency in the adsorbed phase, increasing the adsorbed bond
strength or sharply decreasing the temperature (all resulting in
a decrease inτvs), causes a negative effect on∆Chpa. This shows
how the internal degrees of freedom of the molecules in the
gas and adsorbed phases play different roles on the thermody-
namic derived properties. However, the vibration frequency in
the gas phase is normally more dominant than that in the
adsorbed phase; and, hence,τvg can be considered as the limiting
factor when di- or polyatomic molecules are considered.

Figure 2c shows that the temperature dependent part of the
isosteric heat of adsorption can reach more than+15RT when
low τvg conditions are exhibited. However, it drops relatively
fast withτvg increasing and equals zero for localized adsorption
at τvg = 0.15, changing from a positive to a negative deviation
from ε. On the other hand, nonlocalized adsorption always
exhibits positive deviations fromε at all τvg. Moreover, the
temperature dependent term of the isosteric heat of nonlocalized
adsorption tends to invert at high temperatures, switching from
a decreasing to an increasing function ofτVg, as indicated by
the changing sign of∆Chpa in Figure 2b. Therefore, no general
rule can be formulated regarding the temperature dependence
of the isosteric heat of adsorption. In most of the cases, however,
the isosteric heat of adsorption decreases with an increase in
temperature (or alternatively,τvg). However, if high mobility
of the adsorbed phase is exhibited at highτvg, the isosteric heat
of adsorption can increase slightly with increasing temperature.

Isosteric Heat of Adsorption and Adsorbed Phase Heat
Capacity of Linear and Spherical-Top Nonlinear Polyatomic
Molecules. Polyatomic molecules exhibit different internal
degrees of freedom for different molecular sizes and shapes.
Linear and nonlinear molecules, for example, exhibit two and
three rotational degrees of freedom, respectively. Moreover, the
expressions for the rotational and vibrational partition functions
are different for different shapes and sizes of polyatomic
molecules as shown in Appendix A3.

In the extreme condition of localized adsorption, all degrees
of freedom change to an adsorbed phase vibrational partition
function which, with the high temperature approximation, is

Figure 2. Effect of diatomic gas phase vibrational temperature on the
(a) percent error of assuming equal adsorbed and gas phase heat
capacities, (b) predicted deviation of the differential adsorbed phase
heat capacity from the molar gas phase heat capacity, and (c) magnitude
of the temperature dependent term of the isosteric heat of adsorption.
The inserts indicate the expected conditions for industrial adsorption
processes.
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given by eq 14 raised to the power of 3µ whereµ is the number
of atoms in the molecule. With these considerations and with
the appropriate partition function for the internal degrees of
freedom in the gas phase (see Appendix A3), the resultingb0

for a linear polyatomic molecule is given by

which, with the high temperature approximation, reduces to

and for a spherical-top nonlinear molecule, it is given by

which, with the high temperature approximation, also reduces
to

The isosteric heat of adsorption for a linear polyatomic molecule
is obtained from substituting eq 34 into eq 7, which gives

which, with the high temperature approximation, reduces to

and for a spherical-top nonlinear molecule, substituting eq 36
into eq 7 gives

which, with the high temperature approximation, also reduces
to

The equivalence of eqs 27 and 39, but not eq 41, indicates
that the high temperature limit of the isosteric heat of adsorption
depends on the molecular shape rather than size. Therefore, the
difference that was previously noticed between the monatomic
and diatomic molecules is a result of their different shapes rather
than their different sizes. Moreover, eqs 39 and 41 are
independent ofµ, which proves the independence of the isosteric
heat of adsorption on the size of the molecule in the high
temperature limit. The difference between the isosteric heats
of adsorption of linear and nonlinear molecules (i.e., the

difference between eqs 38 and 40) is given by

which approaches∞ whenτvg f 0 and+RT/2 whenτvg f ∞.
Therefore, the molecular shape effect on the isosteric heat of
localized adsorption makes the isosteric heat of adsorption of
linear molecules always higher than that of nonlinear molecules.
Equation 42 also shows this to be the case at lowτvg, which is
the typically expected condition and usually reflected in either
low-to-moderate temperatures or high frequencies of vibration
for the molecule in the gas phase.

Substituting eq 40 into eq 8 gives the following analytic
expression for∆Chpa of a linear polyatomic molecule:

which, upon the high temperature approximation, reduces to
+3R/2. The corresponding∆Chpa for a spherical-top nonlinear
molecule is obtained by substituting eq 42 into eq 8, which gives

which, with the high temperature approximation, reduces to
+2R. The difference between the differential heat capacities of
linear and nonlinear polyatomic molecules is, therefore, given
by

which approaches+R/2 and -R/2 at the low and high
temperature limits, respectively, and equals zero atτvg = 0.33.
It is clear from eqs 50 and 53 that the shape effect of the
polyatomic molecules is related only to the gas phase vibrational
temperature,τvg, regardless of the size of the molecule.

At the other extreme of mobile (nonlocalized) adsorption, it
is assumed that there are still two and three rotational degrees
of freedom in the adsorbed phase for linear and nonlinear
molecules, respectively, and that one translational degree of
freedom is changed into a vibrational degree of freedom normal
to the plane of the adsorbent surface. This leavesR′ vibrational
degrees of freedom, whereR′ equals (3µ - 4) or (3µ - 5) for
the adsorbed linear and nonlinear molecules, respectively. As
explained before, distinguishing between the vibrational and
rotational degrees of freedom in the adsorbed phase is unim-
portant for the purpose of this study, as long as they are all
estimated from the high temperature approximation. Therefore,
the rotational partition functions are still estimated from eqs
A6 and A7 for linear and nonlinear molecules, respectively,
and the vibrational partition function in the adsorbed phase is
calculated from eq 14 raised to the power ofR′. As a result of
these considerations,b0 for a linear polyatomic molecule is given
by

b0 )
σh3ΦrgT

(3µ-5/2)

Φvs
3µ x8π3m3

κ
5 (exp(1/τvg) - 1

exp(1/2τvg) )(3µ-5)

(34)

b0 )
σh3ΦrgΦvg

(3µ-5)T3/2

Φvs
3µx8π3m3

κ
5

(35)

b0 )
σh3Φrg

3/2T(3µ-4)

π2Φvs
3µx8m3

κ
5 (exp(1/τvg) - 1

exp(1/2τvg) )(3µ-6)

(36)

b0 )
σh3Φrg

3/2Φvg
(3µ-6)T2

π2Φvs
3µx8m3

κ
5

(37)

qst ) ε - zωθ -

RT(3µ - 7
2

- 3µ - 5
2τvg

(exp(1/τvg) + 1

exp(1/τvg) - 1)) (38)

qst ) ε - zωθ - 3RT/2 (39)

qst ) ε - zωθ -

RT(3µ - 4 - 3µ - 6
2τvg

(exp(1/τvg) + 1

exp(1/τvg) - 1)) (40)

qst ) ε - zωθ - 2RT (41)

qst
linear - qst

nonlinear) -RT
2 (1 -

exp(1/τvg) + 1

τvg [exp(1/τvg) - 1]) (42)

∆Chpa ) R(3µ - 7
2

-
(3µ - 5) exp(1/τvg)

τvg
2 [exp(1/τvg) - 1]2) (43)

∆Chpa ) R(3µ - 4 -
(3µ - 6) exp(1/τvg)

τvg
2 [exp(1/τvg) - 1]2) (44)

Chpa
linear - Chpa

nonlinear) R(1 -
exp(1/τvg)

τvg
2 [exp(1/τvg) - 1]2) (45)

b0 )
σha2ΦrgT

(3µ-11/2)

ΦrsΦvs
(3µ-4)x2πmκ

3(exp(1/τvg) - 1

exp(1/2τvg) )(3µ-5)

(46)
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which, with the highτvg approximation, gives

and the correspondingb0 for a nonlinear polyatomic molecule
is given by

which also reduces to

with the highτvg approximation. Although eqs 47 and 49 are
different functions, they have the same temperature dependence,
thus they are expected to exhibit the same isosteric heat of
adsorption and∆Chpa. Substituting eq 46 into eq 7 gives the
following expression for the isosteric heat of nonlocalized
adsorption of a linear polyatomic molecule

and substituting eq 48 into eq 7 gives the following expression
for the isosteric heat of nonlocalized adsorption of a nonlinear
molecule

As expected, because of the equal temperature dependence of
b0 with the high temperature approximation, eqs 50 and 51 both
reduce to eq 32 at the high temperature limit. This result proves
the previous conclusion that the high temperature limit of the
isosteric heat of nonlocalized adsorption is independent of the
molecular size. Moreover, it also provides an additional conclu-
sion that, unlike the case of localized adsorption, it is also
independent of the molecular shape.

Substituting eqs 50 and 51 into eq 8 gives the following
expressions for∆Chpa for linear and nonlinear nonlocalized
adsorbed molecules, respectively:

Equations 52 and 53 both reduce to∆Chpa ) -R/2 upon
applying the highτvg approximation, which also agrees with
the high temperature isosteric heat of adsorption being inde-
pendent of both molecular shape and size when nonlocalized
adsorption is exhibited. Also, it is clear by comparing eqs 52
and 53 to eqs 43 and 44, respectively, that localized and
nonlocalized isosteric heats of adsorption and adsorbed phase
heat capacities for the same molecular shape both become

independent of the molecular size andτvg. The localized
differential adsorbed phase heat capacity is always 2R (-2RT,
for qst) and 5R/2 (-5RT/2, for qst) higher than that of the
nonlocalized adsorption for linear and nonlinear molecules,
respectively. The fixed deviation in the case of polyatomic linear
molecules also applies to the diatomic molecules at allτvg. This
difference reflects the ideal energy barrier between localized
and nonlocalized adsorption. The shape effect, however, depends
on τvg for each kind of adsorption. Nevertheless, comparing the
shape effects between each of the localized and nonlocalized
adsorption cases, eqs 42 and 45 are always+RT/2 and-R/2,
respectively, higher than the corresponding equations for
nonlocalized adsorption. This is considered as the fixed shape
effect contribution of linear and spherical-top nonlinear mol-
ecules to the energy barrier between localized and nonlocalized
adsorption. Although the shape effect in each kind of adsorption
depends onτvg, as shown in eqs 42 and 45, its contribution to
the energy barrier between localized and nonlocalized adsorption
is fixed, regardless ofµ or τvg.

Figure 3 shows the molecular size and shape effects on the
relative error resulting from the assumption of equal adsorbed
and gas phase heat capacities for both localized and nonlocalized
adsorption. Figure 3a shows that for the special case ofτvg .
1, which normally corresponds to very high temperatures,η
slowly approaches 0% when increasingµ. This is only a relative
effect becauseC̃pg increases successively withµ, reflecting a
relative decrease inη. Even with this effect,η in the approximate
range of-2 to +7% for nonlocalized to localized adsorption,
respectively, can be expected with relatively large molecules.
Moreover, considering low-to-moderate temperatures can sig-
nificantly increase these errors, as demonstrated before. As
supporting evidence of this behavior, Figure 3b shows that for
low τvg, which is the expected case,η always increases withµ
for different molecular shapes and types of adsorption, as
indicated by the positive sign of its slope. However, a slight
decrease ofη might be expected for localized adsorption when
µ increases atτvg > 0.5. Nevertheless,∆Chpa always increases
when increasingµ, as shown by the positive slope in Figure
4a. This slope is independent of both molecular shape and degree
of localization. Therefore, the increase of∆Chpa with increasing
µ is a pure molecular size effect without any interference from
any other factors, and, from the definition of∆Chpa, the
temperature dependence of the isosteric heat of adsorption
becomes higher when increasingµ. This latter result agrees with
the recent literature5-7 which shows an increase in the temper-
ature dependence for more heavily adsorbed species. However,
the size effect on∆Chpa or, alternatively, the temperature
dependence of the isosteric heat of adsorption, diminishes when
increasingτvg until it reaches almost zero atτvg = 5.

Figure 4b shows the shape effect on the adsorbed phase heat
capacity as a function of the gas phase vibrational temperature,
τvg. Clearly, when nonlocalized adsorption is considered, there
is no equivalence point between the adsorbed phase heat
capacity of linear and nonlinear molecules except at extremely
high τvg. Therefore, at low-to-moderateτvg and nonlocalized
adsorption, linear molecules always exhibit higher adsorbed
phase heat capacities. In localized adsorption, however, the
adsorbed phase heat capacity for linear molecules is higher than
that for nonlinear molecules forτvg < 0.3 and lower forτvg >
0.3. Nevertheless, the shape effects on the adsorbed phase heat
capacity in both localized and nonlocalized adsorption are
always parallel, with a fixed spacing ofR/2, which is considered
as the shape effect contribution to the energy barrier between
localized and nonlocalized adsorption, as explained before.

b0 )
σha2ΦrgΦvg

(3µ-5)

ΦrsΦvs
(3µ-4)x2πmκ

3T
(47)

b0 )
σha2Φrg

3/2T(3µ-13/2)

Φvs
(3µ-5)x2πmκ

3Φrs
3(exp(1/τvg) - 1

exp(1/2τvg) )(3µ-6)

(48)

b0 )
σha2Φrg

3/2 Φvg
(3µ-6)

Φvs
(3µ-5)x2πmκ

3Φrs
3T

(49)

qst ) ε - zωθ -

RT(3µ - 11
2

- 3µ - 5
2τvg

(exp(1/τvg) + 1

exp(1/τvg) - 1)) (50)

qst ) ε - zωθ -

RT(3µ - 13
2

- 3µ - 6
2τvg

(exp(1/τvg) + 1

exp(1/τvg) - 1)) (51)

∆Chpa ) R(3µ - 11
2

-
(3µ - 5) exp(1/τvg)

τvg
2 [exp(1/τvg) - 1]2) (52)

∆Chpa ) R(3µ - 13
2

-
(3µ - 6) exp(1/τvg)

τvg
2 [exp(1/τvg) - 1]2) (53)
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Figure 5 shows the predicted values ofη, ∆Chpa and the
temperature dependent part ofqst, respectively, as functions of
µ andτvg. As expected, Figure 5a shows thatη always increases
when increasingµ at low-to-moderateτvg; however, at highτvg,
∆Chpa becomes independent ofµ while C̃pg continues to increase
slowly when increasingµ. This causes a slight decrease ofη
when increasingµ at relatively high temperatures as shown
previously in Figure 3a. Here,η for localized adsorption is
always positive (never equals zero) and higher than that for
nonlocalized adsorption. Nonlocalized adsorption, however,
exhibits the same dependence ofη onµ, but with a much weaker
dependence at highτvg. Also, at τvg > ∼2, nonlocalized
adsorption exhibits slightly negativeη values of around-5%.
However, the small insert in Figure 5a shows that in the
expected range of low-to-moderateτvg, η is more likely to be
always positive and with considerable magnitudes for all
conditions. Except for nonlocalized adsorption at highτvg, linear

molecules always exhibit higherη than nonlinear molecules,
and this shape effect onη becomes more pronounced at low
τvg. Figure 5b shows the same behavior, and it also shows that
the dependence of∆Chpa onµ at a specificτvg is almost constant,
regardless ofµ or the nature of adsorption. This effect is also
manifest in Figure 4a, which shows the pure dependence of the
rate of change of∆Chpa with µ on only τvg. Moreover, both
Figures 5a and 5b demonstrate the previously noticed behavior
at highτvg where the size effects cancel out for all adsorption
conditions and the shape effect also disappears for nonlocalized
adsorption. This equality, as explained before, results from the
equal contributions from the molecular size and molecular shape
(only in nonlocalized adsorption) to the partition functions in
both the adsorbed and gas phases. The shape effect remains
important in localized adsorption because all of the internal
degrees of freedom in the adsorbed phase are assumed to be
vibrational and, hence, do not distinguish between linear and
nonlinear molecules. On the other hand, the internal degrees of
freedom in the gas phase are always affected by the molecular
shape. Therefore, as a result of these different behaviors, the
ratio between the internal degrees of freedom in the gas and
localized adsorbed phases is always affected by the shape of

Figure 3. Effect of polyatomic molecule size on the (a) percent error
of assuming equal adsorbed and gas phase heat capacities at a very
high temperature and (b) rate of change in this error at lower (more
typical) temperatures and a triatomic molecule. Relative toτvg, µ has
only a minor effect on dη/dµ.

Figure 4. Effect of polyatomic gas phase vibrational temperature on
the (a) molecule size dependence of and (b) molecule shape effect on
the deviation of the differential adsorbed phase heat capacity from the
molar gas phase heat capacity. The inserts indicate the expected
conditions for industrial adsorption processes.
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the molecule. Nevertheless, although the internal degrees of
freedom in the gas and nonlocalized adsorbed phases are
unequal, they are of the same kind and, therefore, change in

the same way withµ when the high temperature approximation
is considered for both of them.

Figure 5c shows the magnitude of the temperature dependent
term of the isosteric heat of adsorption as a function of theτvg,
molecular size and shape, and nature of adsorption. Clearly,
the temperature dependence of the isosteric heat of adsorption
is at its maximum at lowτvg, where all the other effects are
also pronounced. At this condition,µ plays a very important
role on the temperature dependence of the isosteric heat of
adsorption, which always increases in the positive direction
when increasingµ. This agrees with the previously noticed
behavior of∆Chpa and the recently published results5-7 of the
temperature dependence of the isosteric heat of adsorption and
its increasing importance when increasing the adsorption affinity
of the molecule. The effect of increasing adsorption affinity can
be mimicked here with either decreasingτvg or increasingµ,
both resulting in an increasing temperature dependence of the
isosteric heat of adsorption. For a fixed molecular size, however,
and at lowτvg, the molecular shape effect is more important in
determining the temperature dependence of the isosteric heat
of adsorption than the nature of adsorption. Therefore, at every
µ in Figure 5c, the curves for the temperature dependence of
the isosteric heat of adsorption are grouped in two bundles, one
for linear and another one for nonlinear molecules, with the
linear molecules exhibiting a higher temperature dependence
of the isosteric heat of adsorption, as also noticed in Figure 5b.
At the high temperature limit, however, the temperature
dependence of the isosteric heat of adsorption becomes depend-
ent only on the nature of the adsorption and also slightly on
the molecular shape in the case of localized adsorption, as shown
previously in eqs 32, 39 and 41.

Conclusions

Statistical mechanical concepts were applied to analyze and
obtain expressions for the isosteric heat of adsorption and its
dependence on temperature. The analysis was held at the two
extremes of localized and mobile adsorption for monatomic,
diatomic, and linear and nonlinear polyatomic molecules. The
temperature dependence of the isosteric heat of adsorption was
most severe for localized adsorption, low temperature conditions,
heavily adsorbed species, and increasing linearity of the
polyatomic molecules at low-to-moderate temperatures, and vice
versa at high temperatures. However, the most important
determining factor on the temperature dependence of the
isosteric heat of adsorption was the gas phase vibrational
temperature, exhibiting a higher temperature dependence of the
isosteric heat of adsorption at lower dimensionless gas phase
vibrational temperatures. The adsorbed phase vibrational tem-
perature was also important; but it could always be assumed to
be relatively low at room temperature and, hence, could always
be assumed to exhibit a fixed linear temperature dependence.
Unlike the gas phase vibrational temperature, this always
simplified the adsorption system in the high temperature
approximation, but only with respect to the frequencies in the
adsorbed phase.

For a fixed molecular shape, the difference in the adsorbed
phase heat capacities between localized and nonlocalized
adsorption was always constant regardless of the molecular size
or adsorption conditions. The deviation between the differential
adsorbed phase and molar gas phase heat capacities was in the
approximate ranges of 27 to 67% and-10 to 10% for localized
and mobile diatomic adsorption, respectively. The upper limits
of these ranges corresponded to low temperatures and the lower
limits corresponded to the high temperature approximation. At

Figure 5. Effect of polyatomic molecule size and gas phase vibrational
temperature on the (a) percent error of assuming equal adsorbed and
gas phase heat capacities, (b) predicted deviation of the differential
adsorbed phase heat capacity from the molar gas phase heat capacity,
and (c) magnitude of the temperature dependent term of the isosteric
heat of adsorption. The inserts indicate the expected conditions for
industrial adsorption processes.
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low-to-moderate temperatures, these deviations always increased
with increasing linearity of the polyatomic molecules (in
localized adsorption) or when increasing the number of atoms
in each molecule. The increase in this relative deviation became
almost negligible at very high numbers of atoms; however, the
absolute deviation between the adsorbed and gas phase heat
capacities increased continuously with the number of atoms per
molecule. The rate of this increase was independent of the
degree of localization and the molecular size and shape.
However, a maximum rate of increase of the absolute deviation
between the adsorbed and gas phase heat capacities was
exhibited at low temperatures. The effect of polyatomic mo-
lecular shape could be substituted with either intermediate or
relatively high temperatures when localized or mobile adsorption
conditions were exhibited, respectively. The temperature de-
pendence of the difference between the differential adsorbed
and molar gas phase heat capacities was much less important
than that of the isosteric heat of adsorption. Moreover, at
relatively high temperatures and for localized adsorption, this
difference exhibited constant values ofR/2, 3R/2, and 2R for
monatomic, diatomic and linear polyatomic, and nonlinear
polyatomic molecules, respectively, and-R/2 for mobile
adsorption.
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Appendix

The Gas Phase Partition Function and Ideal Gas Phase
Heat Capacities.A1. Monatomic Gas Molecules.In monatomic
gas molecules the vibrational and rotational partition functions
do not exist, therefore

Substituting eq A1 into the appropriate expression for the total
partition function gives the following expression for the ideal
gas phase heat capacity:

A2. Diatomic Gas Molecules.In this case, the three main
contributors are the one vibrational and two rotational degrees
of freedom. The rotational frequency temperature,Φrg (ex-
pressed ash2/8π2Iκ, where I is the moment of inertia), is
typically much lower than room temperature.16 Therefore, the
high rotational temperature approximation (τrg ) T/Φrg . 1) is
a fairly good approximation for most industrial conditions and
is applied here for all rotational partition functions in the gas
and adsorbed phases. This allowsQint

g (T) to be estimated from
the product of the rotational and vibrational partition functions
in the gas phase. This also allows the rotational partition function
in the gas and adsorbed phases to be estimated from

The vibrational frequency temperature in the gas phase,Φvg,
can normally be several hundreds or even thousands of degrees
Kelvin for diatomic and polyatomic molecules.16 Therefore, the
high gas phase vibrational temperature (τvg ) T/Φvg) ap-
proximation was not considered in this study as a default
assumption. Under these circumstances, eq 13 should provide
a more accurate description for the gas phase vibrational

partition function than eq 14; nevertheless, both equations are
applied here to the di- and polyatomic molecules. With these
considerations for a diatomic molecule, the partition function
for the internal degrees of freedom in the gas phase is given by

and the corresponding molar ideal gas phase heat capacity is
given by

which, at highτvg, reduces to 9R/2.
A3. Polyatomic Gas Molecules.Unrestrained molecules in

the gas phase always exhibit three translational degrees of
freedom, leavingR vibrational degrees of freedom, whereR
equals (3µ - 5) or (3µ - 6) for linear and nonlinear molecules,
respectively, andµ is the number of atoms in the molecule.
The high temperature rotational partition functions for linear
and spherical-top nonlinear molecules are given respectively
by16

where σ is a symmetry factor. Assuming equal vibrational
frequencies, the unrestrained vibrational partition function is
given by either eq 13 or 14 raised to the power ofR. With
these considerations, the ideal gas phase molar heat capacity
for a linear polyatomic molecule is given by

which, at highτvg, reduces to

and for a spherical-top nonlinear molecule, it is given by

which also reduces to

at highτvg.
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