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Analytical expressions are developed, based on a lattice statistics model incorporating the Bragg-Williams
approximation and a random heterogeneous surface described by a uniform distribution of energies, for
predicting the single-component isosteric heat of adsorption and differential adsorbed phase heat capacity as
a function of temperature, surface coverage, lateral interactions, and adsorbent heterogeneity. A parametric
study demonstrates that these four factors all affect the isosteric heat of adsorption but with different magnitudes
at different conditions. The temperature dependence of the isosteric heat of adsorption is always related to,
and accompanied by, the adsorbent surface heterogeneity. The differential adsorbed phase heat capacity has
a very weak temperature dependence and is not directly affected by lateral interactions. The molar adsorbed
phase heat capacity is in most cases higher than the gas phase heat capacity. The deviation between the molar
adsorbed and gas phase heat capacities depend mostly on surface coverage and surface heterogeneity and
weakly on the lateral interactions and temperature. The derived expressions are used also to predict the isosteric
heat of adsorption and adsorbed phase heat capacity from regressed parameters obtained from experimental
adsorption isotherm data in the literature. Comparisons show that the molar adsorbed phase heat capacity can
sometimes exceed it by 20% or more, depending on the regressed value of the heterogeneity parameter.
These results have significant implications for adsorption-process modeling.

Introduction

The effects of surface heterogeneity and lateral interactions
on adsorption equilibria have been analyzed extensively in the
literature, both experimentally and theoretically.1-5 However,
these same effects on the isosteric heat of adsorption have been
discussed only on the bases of experimental data with essentially
no theoretical analyses to quantify their roles.5 Recent literature
has demonstrated also the importance of the potential effects
of temperature on the isosteric heat of adsorption6,7 based on
thermodynamically consistent virial-type and modified Antoine
adsorption models. However, a paucity of theoretical analyses
have been performed demonstrating the coupled effects of
temperature, surface heterogeneity, and lateral interactions on
the isosteric heat of adsorption and its temperature dependence
which leads to the adsorbed phase heat capacity.8,9

The results from a molecular dynamics (MD) simulation of
the adsorption ofp-xylene on a Na-Y zeolite8 demonstrated
that the heat of adsorption has essentially the same temperature
dependence as the adsorbate-adsorbent vertical interactions and
that the adsorbate-adsorbate lateral interactions are almost
temperature-independent. The adsorbate-adsorbate lateral in-
teractions also have much less contribution to the heat of
adsorption than the adsorbate-adsorbent lateral interactions. A
statistical mechanics study9 employing the McQuistan-Hock
model demonstrated that the adsorbed phase heat capacity of
rare gases on graphite depends on the fractional surface coverage
and temperature. This model contains the effects of interactions
between the adsorbate molecules and the adsorbent, between
two nearest-neighbor vacant sites, and between two nearest-

neighbor occupied sites; however, it does not discriminate
clearly between the effects of these different types of interac-
tions, and it does not account for adsorbent heterogeneity.
Moreover, these molecular simulation approaches, although
elegant, are very computer intensive and, thus, not well suited
for carrying out extensive parametric studies. In contrast, lattice
gas concepts10,11have been used widely by many investigators
to disclose subtle information about the adsorption of gases and
their mixtures largely based on analytical expressions.12

These lattice-gas analyses, in many cases, have been based
on a random heterogeneous surface with the lateral interactions
being accounted using the Bragg-Williams approximation,
mainly because these two assumptions have led to simple
expressions that capture the physical essence of more realistic
models. These studies have included the effects of adsorbent
heterogeneity and lateral interactions on adsorption equilibria,
and the roles of different energetic site distributions.4-5,12-24

For example, Ritter et al.4 developed an analytical expression
to describe the adsorption of single gases that laterally interact
on a random heterogeneous surface according to the Bragg-
Williams approximation and a uniform distribution of energies.
The foundation of this model is based on the rigorous theory
of Hill 10 but is obtained using a method proposed by Jaroniec
and Patrykiejew.16 This adsorption isotherm model is explicit
also in pressure and thus ideally suited for obtaining an explicit,
analytical temperature-dependent expression for the isosteric
heat of adsorption and related thermodynamic properties.
Therefore, Ritter et al.’s4 model is used herein to derive
expressions for the isosteric heat of adsorption and the dif-
ferential adsorbed phase heat capacity, both as functions of the
fractional-surface coverage, temperature, lateral interactions, and
adsorbent surface heterogeneity.
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A parametric study is performed using these new expressions
to investigate the coupled effects of these parameters on the
adsorption equilibria, isosteric heat of adsorption, and adsorbed
phase heat capacity. Single-component adsorption-isotherm data
from the literature are correlated also with Ritter et al.’s4 model.
The corresponding isotherm parameters are used in the derived
expressions to predict the isosteric heat of adsorption and, from
its temperature dependence, the adsorbed phase heat capacity.
The isosteric heats of adsorption predicted in this straightforward
fashion are compared also with those obtained by the classical
less direct approach,25 which depends on loading-explicit
adsorption-isotherm models, the chain rule to convert deriva-
tives, and numerical differentiation.26,27

Theory

Ritter et al.4 used the random heterogeneous surface concept
of Hill 10 with a uniform distribution of energies to model single-
component adsorption equilibria, with the Bragg-Williams
approximation applied globally to account for nearest neighbor
interactions. This model is expressed as

whereθ andn are the fractional surface coverage and amount
adsorbed on the random heterogeneous surface, respectively,
m is the monolayer saturation limit,P is the gas-phase pressure,
b is related to the average energy of adsorption,s is the
heterogeneity term, andR is the lateral interaction term.s, R,
andb are defined as

whereσ is the adsorbent surface heterogeneity,z is the fixed
coordination number,ω is the lateral interaction energy (favor-
able when negative),ε is the average energy of adsorption,T is
the absolute temperature,R is the universal gas constant, andκ

is Boltzmann’s constant. However, because ofR, eq 1 is implicit
in surface coverage and requires an iterative solution. On the
other hand, it can be rearranged into a pressure explicit isotherm
as

The advantage of eq 5 is that it can be used to predict
thermodynamic properties that are based on pressure-explicit
isotherm models such as the isosteric heat of adsorption.

Assuming ideal gas-phase behavior and a negligible adsorbed
phase volume with respect to the gas-phase volume, the isosteric
heat of adsorption,q, can be calculated from the Clausius-
Clapeyron equation26-28 according to

with the surface coverage replacing the amount adsorbed,n.29,30

Applying this formula to eqs 2-5 results in eq 7, an explicit

expression for the isosteric heat of adsorption as a function of
surface coverage, adsorbent surface heterogeneity, lateral in-
teractions, and temperature.

In the limit asθ f 0, eq 7 reduces to

which is the zero-surface coverage isosteric heat of adsorption.
Thedifferentialadsorbed phase heat capacity, Ch pa, is defined

as the temperature derivative of the differential adsorbed phase
enthalpy at constant loading, i.e.,

The thermodynamic definition of the isosteric heat of adsorption
is the difference between the molar gas-phase enthalpy and the
differential adsorbed phase enthalpy,25 i.e.,

With this definition, eq 9 can be rewritten as

whereC̃pg is the molar heat capacity of the gas phase at constant
pressure. Applying eq 11 to eq 7 gives

which is an explicit expression for the difference between the
differential adsorbed phase and molar gas phase heat capacities
and depends on the adsorbent surface heterogeneity, fractional
surface coverage, and temperature but not lateral interactions.
In the limit asθ f 0, eq 12b reduces to

which is the zero-surface coverage difference between the
differential adsorbed phase and molar gas phase heat capacities.

The molar adsorbed phase heat capacity is calculated from
the molar enthalpy of the adsorbed phase using the following
formula

where∆H̃a is the difference between the molar enthalpies of
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the gas and adsorbed phases and is given by25

andΠA is the total spreading pressure given by25

Substituting eqs 14b and 14c into eq 14a, and rearranging the
resulting equation, gives the following expression for calculating
the difference between the molar adsorbed and gas-phase heat
capacities

The integral in eq 15 is evaluated numerically from the loading
dependence of eqs 5, 7, and 12.

Results and Discussion

The expressions derived in this work (i.e., eqs 7 and 12),
based on simple lattice statistics, have all of the features
necessary to account for the effects of fractional-surface
coverage, surface heterogeneity, lateral interactions, and tem-
perature on the isosteric heat of adsorption and adsorbed phase
heat capacity. Eq 7 demonstrates that the isosteric heat of
adsorption depends explicitly on all four parameters, while eq
12 demonstrates that the differential adsorbed phase heat
capacity only depends explicitly on three of them, namely,
fractional surface coverage, adsorbent heterogeneity, and tem-
perature; it does not depend on lateral interactions. The molar
adsorbed phase heat capacity, however, depends weakly on
lateral interactions through the spreading pressure term in eq
14a. These are very interesting results that have also been
corroborated in the literature based on rigorous MD simulations8

that revealed the relative temperature dependencies of different
components of the heat of adsorption. Results from ref 8 for
p-xylene adsorbed by Na-Y zeolite are plotted in Figure 1 in
terms of the energy of adsorption (U) and the vertical (Uv) and
lateral (Ul) interaction energies, all as functions of temperature
(note thatU is the sum ofUv andUl). The temperature derivative
of the adsorbent-adsorbate vertical interactions is more than
20 times that of the adsorbate-adsorbate lateral interactions;
therefore, the temperature derivative of the energy of adsorption
is nearly equal to that of the adsorbate-adsorbent vertical
interactions, which arises mainly from adsorbent surface
heterogeneity. This also makes the temperature derivative
essentially independent of lateral interactions, in agreement with
eq 12.

The roles of surface heterogeneity and lateral interactions on
the isosteric heat of adsorption, adsorbed phase heat capacity,
and adsorption equilibria at different temperatures as well as
the effect of fractional surface coverage are ascertained from a
parametric study. However, since the effects of these parameters
on the adsorption equilibria have been studied previously,4 more

emphasis is placed here on the isosteric heat of adsorption and
adsorbed phase heat capacity. The parameter values and ranges
investigated are shown in Table 1. They correspond to values
typically encountered in gas adsorption systems.

Effect of Temperature (cases A, B, and C).Figures 2-4
show the effect of temperature on the isosteric heat of adsorption
and adsorption equilibria at negligible, moderate, and relatively
high surface heterogeneities, respectively. Each of these figures
also shows the effect of favorable (negative), negligible, and
unfavorable (positive) lateral interactions. The parameter values
and ranges investigated for Figures 2, 3, and 4 are given in
cases A, B, and C in Table 1, respectively. Figure 2 shows the
combined effect of temperature and lateral interactions on a
relatively homogeneous-adsorbent surface (i.e., with negligible
heterogeneity). Clearly, for a homogeneous adsorbent, temper-
ature has no effect on the isosteric heat of adsorption at all
surface coverages. An examination of eq 7 withs f 0 also
reveals this fact. The isosteric heat of adsorption at zero-
fractional-surface coverage is independent also of lateral interac-
tions, as expected from eq 8. However, favorable (negative)
lateral interactions on a homogeneous surface cause the isosteric
heat of adsorption to increase with increasing surface coverage,
as shown in Figure 2a. The results in Figure 1 potentially satisfy
these conditions because the energy of adsorption increases with
an increase in the number ofp-xylene molecules per zeolite
super cage, implying that attractive (favorable) interactions exist
between thep-xylene molecules and that they are adsorbed on
only a slightly heterogeneous adsorbent. However, when no
lateral interactions exist on a homogeneous surface, as shown
in Figure 2b, surface coverage has no effect on the isosteric
heat of adsorption, as expected from this ideal situation and as
revealed from eq 7 withs andω f 0. In contrast, unfavorable

TABLE 1: Parameter Values and Ranges Investigated in the Parametric Studies

parameter units case A case B case C case D case E case F

zω/κ K -1086 to+1086 -1086 to+1086 -1086 to+1086 -1086 to+1086 -1086 to+1086
σ kJ/mol 10-10 5 15 10-10 to 15 10-10 to 10 3 to 15
ε kJ/mol 20 20 20 20 20 20
b0 MPa-1 0.345 0.345 0.345 0.345 0.345 0.345
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Figure 1. MD simulations for the adsorption ofp-xylene on Na-Y
zeolite.8 The numbers on the fitted lines indicate the average number
of p-xylene molecules per zeolite supercage used in the simulations.
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(positive) lateral interactions decrease the isosteric heat of
adsorption with increasing surface coverage, as shown in Figure
2c.

As an aside, it is interesting to point out that the adsorption
isotherms are plotted in a characteristic form, i.e.,Pb vs θ.31 In
this form, all of the isotherms should collapse into a single curve
that is independent of temperature. This behavior is observed
only in Figure 2b for noninteracting molecules adsorbed on a
homogeneous adsorbent. In contrast, when lateral interactions
are present, deviations from the ideal characteristic curve begin
to appear at relatively high surface coverages where lateral
interactions become appreciable. Parts a and c of Figure 2 show
that when lateral interactions exist, systematic deviations from
the characteristic curve occur, whereinPb increases significantly
with an increase in temperature at a fixed surface coverage for
favorable interactions (Figure 2a) and decreases for unfavorable
lateral interactions (Figure 2c). These deviations inPb with
temperature are interesting in that they disclose very clearly
how departures from ideality manifest in the adsorption isotherm
and they indicate an increasing sensitivity of the adsorption
equilibria to variations in temperature when lateral interactions
are encountered. These effects also produce a change in the
amount adsorbed at a fixedPbwhen compared to the ideal case
presented in Figure 2b: favorable lateral interactions cause an
increase, whereas unfavorable cause a decrease. These results
are in agreement with the general concept of favorable and
unfavorable lateral interactions and with previous analyses of
the effects of these parameters on the adsorption equilibria.4

Figures 3 and 4 show the same conditions as those shown
previously in Figure 2 but at higher degrees of adsorbent surface
heterogeneity. Temperature effects on the isosteric heat of
adsorption start to appear gradually in these two cases, which
indicates that the temperature-dependence of the isosteric heat
of adsorption is determined mainly by surface heterogeneity.
The effect of temperature also becomes most pronounced at an
intermediate level of surface heterogeneity, as noticed in Figure

3. However, temperature has only a minor effect on the isosteric
heat of adsorption at all degrees of lateral interactions and
surface coverages. Comparing the zero-surface-coverage iso-
steric heat of adsorption in Figures 2-4 shows that it increases
significantly with increasing adsorbent surface heterogeneity and
is independent of lateral interactions; these dependencies are
evident from eq 8. Therefore, the temperature dependency and
the zero-surface coverage of the isosteric heat of adsorption can
be altered only by a heterogeneous surface. Surface heterogene-
ity also overcomes the effects of lateral interactions on the
isosteric heat of adsorption; thus, the increase of the isosteric
heat of adsorption with increasing surface coverage that is
noticed in Figure 2a for favorable interactions on a homogeneous
surface is no longer apparent in Figures 3a and 4a. Nevertheless,
lateral interactions still play a role in the behavior of the isosteric
heat of adsorption with surface coverage, but it is coupled with
surface heterogeneity.

Figures 3 and 4 also show that in progressing from favorable
to none to unfavorable lateral interactions, the gradient in the
isosteric heat of adsorption with surface coverage increases
dramatically. This gradient increases just as sharply with an
increase in surface heterogeneity (compare Figure 3b with Figure
4b). Clearly, the effects of favorable lateral interactions, which
are more physically realistic, oppose the effects of surface
heterogeneity by causing less of a decrease in the isosteric heat
of adsorption with increasing surface coverage compared to the
ideal case with no lateral interactions.

Again, as an aside, it is interesting to note the behavior of
the characteristic curve, i.e.,Pbvs θ in Figures 3 and 4. Except
for highly favorable lateral interactions on a moderately
heterogeneous surface (Figure 3a), or favorable or unfavorable
interactions on a homogeneous surface (parts a and c of Figure
2), deviations from the characteristic, temperature-independent
behavior are observed in all cases at both low and high surface
coverages, except forPb ) 1 where all of the curves in each
case intersect and, thus, produce the characteristic behavior at

Figure 2. The effect of temperature on the isosteric heat of adsorption and adsorption equilibria with negligible surface heterogeneity and (a)
favorable, (b) negligible, and (c) unfavorable lateral interactions.
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one point. This point of intersection switches the direction of
the departure from the characteristic curve, similarly to the way
lateral interactions do in Figure 2. It is also where the opposing
effects of surface heterogeneity and lateral interactions exactly
cancel producing ideal behavior. The variation of this point of
intersection with surface coverage for different values ofs and
ω can be obtained by settingPb ) 1 in eq 1, which results in
the following implicit (because ofR) expression forθ:

Solving eq 16 iteratively forθ shows that when no lateral
interactions dominate, this intersection point also corresponds
to θ ) 0.5 but increases significantly or decreases slightly from
this value when extremely favorable or unfavorable lateral

Figure 3. The effect of temperature on the isosteric heat of adsorption and adsorption equilibria with moderate surface heterogeneity and (a)
favorable, (b) negligible, and (c) unfavorable lateral interactions.

Figure 4. The effect of temperature on the isosteric heat of adsorption and adsorption equilibria with relatively high surface heterogeneity and (a)
favorable, (b) negligible, and (c) unfavorable lateral interactions.

θ ) 1
2s

ln( 1 + ese-R

1 + e-se-R) (16)
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interactions exist, respectively. These strong dependencies are
shown clearly in Figures 3 and 4.

Effect of Surface Heterogeneity (Case D).Figure 5 shows
the effect of different degrees of surface heterogeneity on the
isosteric heat of adsorption and adsorption equilibria at a
moderate temperature (293 K) for (a) favorable, (b) negligible,
and (c) unfavorable lateral interactions. The parameter values
and ranges investigated are summarized in case D in Table 1.
These curves show that when no lateral interactions exist (Figure
5b) and for a homogeneous surface (curve 1), the isosteric heat
of adsorption is independent of surface coverage with a value
equal to the adsorption energy,ε. As the heterogeneity of the
surface increases, however, the isosteric heat of adsorption
becomes an increasingly stronger and always decreasing function
of surface coverage. Favorable lateral interactions on a homo-
geneous surface (Figure 5a, curve 1) cause the isosteric heat of
adsorption to increase with increasing fractional-surface cover-
age. As the heterogeneity of the surface increases in this case,
the effects of favorable lateral interactions are progressively
overcome to the point where the isosteric heat of adsorption
becomes independent of surface coverage, exhibiting the
behavior of a homogeneous surface with no lateral interactions,
and then it becomes an increasingly stronger and always
decreasing function of surface coverage. In contrast to favorable
lateral interactions, unfavorable lateral interactions cause the
isosteric heat of adsorption to decrease with increasing surface
coverage, even on a homogeneous surface (Figure 5c, curve
1). So in this case, unfavorable lateral interactions enhance the
effects of surface heterogeneity and cause an even more
pronounced but similar dependence of the isosteric heat of
adsorption on the surface coverage as that shown in Figure 5b.

Figure 5 also shows that the variation of the zero-surface-
coverage isosteric heat of adsorption with surface heterogeneity
is much higher than that with temperature, which is shown in
Figures 3 and 4. These results imply that the effects of surface
heterogeneity are more pronounced than those of lateral interac-

tions and noticeably more important than temperature in
determining the behavior of the isosteric heat of adsorption.
These results also agree with the more rigorous but less
insightful MD simulations8 shown in Figure 1, in terms of the
relative contributions of lateral and vertical interactions as well
as the relative contribution of temperature to the energy of
adsorption.

The adsorption equilibria also show some interesting behavior
that is indicative of the mathematical symmetry of this simple
lattice model; i.e., all of the curves intersect atθ ) 0.5. The
mathematical implications of this behavior have been discussed
in detail by Hill10,32 and also by Rudzinski and Everett;33

therefore, only the physical implications are discussed herein.
It is noteworthy that the similar behavior noted in a previous
section, where most of the curves cross atPb ) 1.0 (see the
adsorption equilibria in Figures 3 and 4) instead ofθ ) 0.5,
has not been discussed in the literature. Nevertheless, the
behavior shown in Figure 5 indicates that the effects of
heterogeneity cancel out at this point of intersection. It also
shows that the reduced pressure and isosteric heat of adsorption
corresponding to this point of intersection, denoted asbP* and
q*, are functions of the lateral interaction parameter.4 Substitut-
ing θ ) 0.5 in eqs 5 and 7 gives these functionalities as

These relations show, for example, that when no lateral
interactions exist, all of the adsorption equilibria curves cross
at bP* ) 1.0, and all of the isosteric heat of adsorption curves
cross atq* ) ε, i.e., the average adsorption energy (20 kJ/mol),
regardless of surface heterogeneity.

This mathematical symmetry also has some interesting
implications with respect to the characteristic curve (Pb vs θ).

Figure 5. The effect of surface heterogeneity on the isosteric heat of adsorption and adsorption equilibria at moderate temperatures and (a) favorable,
(b) negligible, and (c) unfavorable lateral interactions.

bP*θ)0.5 ) exp( zω
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2(zω
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The ideal situation is curve 1 in Figure 5b, wheres andω f 0
andq ) ε and is independent of surface coverage. All of the
other curves deviate significantly from this ideal behavior,
except for curves 1-4 in Figure 5b but only at the point of
intersection. Nevertheless, in all cases, as heterogeneity increases
the departure from ideality switches from negative deviations
for surface coverages less thanθ ) 0.5 to positive deviations
for those greater thanθ ) 0.5. Negative deviations from ideality
are defined herein as those corresponding to a higher loading
for a given Pb. The effect of favorable lateral interactions
enhances this behavior by shifting all of the curves to lower
values of Pb, as shown in Figure 5a where the point of
intersection atθ ) 0.5 is shifted fromPb ) 1.0 in the ideal
case to Pb = 0.1. The opposite behavior is caused by
unfavorable lateral interactions. These results show very clearly
the coupled and marked effects of lateral interactions and surface
heterogeneity on the departure from ideality.

Effect of Lateral Interactions (Case E). Figure 6 shows
the effect of lateral interactions on the isosteric heats of
adsorption and adsorption equilibria at a moderate temperature
(293 K) for (a) relatively homogeneous, (b) moderately het-
erogeneous, and (c) highly heterogeneous surfaces. The param-
eter values and ranges investigated are summarized in case E
in Table 1. The fact that adsorbate-adsorbate lateral interactions
have no effect on the zero-surface-coverage isosteric heat of
adsorption is very clearly exhibited in Figure 6, where all of
the curves intersect at the same value of the isosteric heat of
adsorption at zero-surface coverage; however, this value in-
creases with increasing surface heterogeneity, as depicted in
eq 8. It is noteworthy to recognize that although the second
term in eq 8 appears to be an increasing linear function of
temperature (because ofRT), it normally exhibits decreasing
trends, as shown in Figures 3 and 4. The reason is due to the
opposite temperature dependence ofs which, when included in
the exponential form of eq 8, overcomes the effect ofRT.
Therefore, as noticed previously for the isosteric heat of
adsorption at all surface coverages, the temperature dependence

of the zero-coverage isosteric heat of adsorption is related
closely to the magnitude of surface heterogeneity.

For both the homogeneous (Figure 6a) and slightly hetero-
geneous (Figure 6b) surfaces, essentially the same trends are
observed, where the isosteric heat of adsorption progresses from
a decreasing linear function of the surface coverage to an
increasing linear function as the lateral interactions change from
unfavorable to favorable. However, for a very heterogeneous
surface, the isosteric heat of adsorption always decreases with
increasing surface coverage, but less so as the lateral interactions
change from unfavorable to favorable. The functions also
become slightly nonlinear exhibiting some sigmoidal character.
These results show very clearly the complex interplay between
lateral interactions and heterogeneity, both of which have a
marked effect on the way the isosteric heat of adsorption varies
with surface coverage.

The characteristic curve (Pb vs θ) also deviates significantly
from the ideal behavior except at very low surface coverages.
The ideal curve is actually curve 3 in Figure 6a, which is clearly
noted by the isosteric heat of adsorption being independent of
surface coverage. Moreover, in progressing from unfavorable
to none to favorable lateral interactions, the trends are the same
for both homogeneous and heterogeneous surfaces, where all
of the departures from ideality progress from positive deviations
to negative deviations, where negative deviations correspond
to a higher loading for a givenPb, as defined previously.

Effects of Surface Heterogeneity, Fractional Surface
Coverage, Lateral Interactions, and Temperature on the
Adsorbed Phase Heat Capacity.Figures 7 and 8 show the
effects of the fractional coverage, adsorbent heterogeneity, and
temperature on the difference between the differential adsorbed
and molar gas phase heat capacities, and Figure 9 shows the
same effects, along with lateral interactions, on the difference
between the molar adsorbed and molar gas phase heat capacities.
As the temperature dependence of the isosteric heat of adsorption
on a homogeneous surface is always negligible (see Figure 2),
the surface heterogeneity is varied from slight to relatively high

Figure 6. The effect of lateral interactions on the isosteric heat of adsorption and adsorption equilibria at moderate temperatures and (a) negligible,
(b) moderate, and (c) relatively high surface heterogeneities.
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values. The parameter values and ranges investigated are
summarized in case F in Table 1. Recall from eq 12 that,
according to this model, lateral interactions have no effect on
the differential adsorbed phase heat capacity and that this result
is in agreement with the MD simulations in the literature.8 The
results in Figures 7 and 8 show that the effect of temperature

on the adsorbed phase heat capacity is also minimal, but the
effects of fractional surface coverage and adsorbent heterogene-
ity are relatively more pronounced.

Figure 7 shows the overall trends for the difference between
the differential adsorbed and molar gas phase heat capacities
(∆Ch pa) for moderately to highly heterogeneous surfaces. In all

Figure 7. The difference between the differential adsorbed and molar
gas phase heat capacities for different surface heterogeneities and
temperatures.

Figure 8. Detailed temperature and heterogeneity dependence of the
differential adsorbed phase heat capacity (a) over the entire range of
fractional surface coverage, (b) at a focused view over 0j θ j 0.5,
and (c) for a profile at a fractional surface coverage of 0.25.
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cases, this difference is a decreasing function of surface
coverage, exhibiting nearly linear behavior for the moderately
heterogeneous surface to highly sigmoidal behavior for the
highly heterogeneous surface. Moreover, the differential ad-
sorbed phase heat capacity is higher than the molar gas phase
heat capacity at loadings belowθ ) 0.5, lower than the gas
phase heat capacity at loadings aboveθ ) 0.5, and equal to
zero atθ ) 0.5, with marked deviations from zero on either
side ofθ ) 0.5. The breadth of the zero-∆Ch pa region around
θ ) 0.5 also increases considerably with increasing surface
heterogeneity. The zero-∆Ch pa behavior at and aroundθ ) 0.5
is associated with the behavior of a homogeneous surface, where
the effects of heterogeneity on the adsorption equilibria all
coincide and, thus, cancel out, as shown in Figure 5. This
behavior is consistent with a rigorous classical thermodynamic
analysis5,34that shows the gas and adsorbed phase heat capacities
to be equal for a homogeneous surface. Figure 7a-c also shows
that regardless of whether the surface is moderately or highly

heterogeneous, almost the same absolute values of∆Ch pa result
at zero and full (100%) surface coverages; however,∆Ch pa is
very small and decreases rapidly approaching nearly zero on
slightly heterogeneous surfaces even at these two extremes in
surface coverage, as shown in Figure 7d.

Figure 8a shows that|∆Ch pa| is essentially a mirror reflection
aroundθ ) 0.5 but with opposite signs as shown in Figure 7.
Figure 8 also shows that although this difference is very small
at very low surface heterogeneities, it increases rapidly up to
an optimum value atσopt ≈ 7 and the corresponding tempera-
tures. After this optimum, it becomes almost constant at zero-
and full-surface coverages while gradually increasing the zero-
∆Ch pa region aroundθ ) 0.5, as also noticed in Figure 7a-c.
Figure 8b shows a focused view of this behavior forθ values
less than 0.5. It also shows that the effect of surface heterogene-
ity at θ ) 0 is quite different than that at other loadings. Atθ
) 0, ∆Ch pa exhibits a maximum value atsopt ) 1, with the
temperature contribution according to eq 2, and decreases very

Figure 9. Effects of surface coverage, surface heterogeneity, lateral interactions, and temperature on the difference between the molar adsorbed
and gas-phase heat capacities.
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slowly with increasing surface heterogeneity. Such a decrease
in ∆Chpa at zero-surface coverage and high-surface heterogeneity
is not very apparent within moderate ranges of surface hetero-
geneity and is assumed negligible. At higher loadings, however,
∆Ch pa also has a maximum value at an intermediate surface
heterogeneity, after which it decreases more sharply with
increasing surface coverage. Clearly, this intermediatesand the
corresponding∆Ch pa values decrease asθ f 0.5, causing the
zero-∆Ch pa effect aroundθ ) 0.5, which is also noticed before
in Figure 7. Figure 8c shows this behavior, as well as the effect
of temperature, at the middle of the low surface coverage region,
i.e., atθ ) 0.25. The contour lines in Figure 8c show that the
temperature dependence of the differential adsorbed phase heat
capacity inverts at the optimum surface heterogeneity,σopt.
These contours also show that∆Chpa decreases more slowly with
increasing temperature at low surface heterogeneities compared
to that at high surface heterogeneities. However, the temperature
dependence in both cases is negligibly weak relative to the effect
of surface heterogeneity, especially at moderate surface het-
erogeneities.

Figure 9 shows the difference between the molar adsorbed
and gas phase heat capacities after trapezoidal integration of
the results from the loading dependence of eqs 5, 7, and 12,
according to eq 15, and over very small increments of fractional-
surface coverage. Overall, the strongest factor affecting the
difference between the molar adsorbed and gas phase heat
capacities is the surface coverage. Zero-surface coverage
behavior is completely independent of the lateral interactions,
whereas the difference between the molar adsorbed and gas
phase heat capacities increases dramatically whenθ f 1. Lateral
interactions show a more pronounced effect at relatively high
surface coverages, wherein the adsorbed phase heat capacity
increases when the lateral interactions change from negative
(attractive) to positive (repulsive). An optimum temperature

dependence is always exhibited on homogeneous surfaces at
low surface coverages resulting in higher adsorbed phase heat
capacities at moderate temperatures. Also, as noticed in the
differential adsorbed phase heat capacity,∆C̃pa at low surface
coverages and moderate to high surface heterogeneities is almost
constant. However, highly heterogeneous surfaces exhibit a
sharper decrease in∆C̃pa when increasing the surface coverage
until reaching a minimum value at a surface coverage of∼0.8.
This decrease becomes more pronounced when highly negative
lateral interactions are exhibited. Nevertheless,∆C̃pa always
approaches infinity whenθ f 1, regardless of any other
conditions.∆C̃pa can be negative (resulting in a molar adsorbed
phase heat capacity that is less than the gas phase heat capacity)
only when highly negative lateral interactions are exhibited or
at very low surface coverages and high temperatures.

Correlation with Literature Data. The applicability of this
model to predict the isosteric heat of adsorption and adsorbed
phase heat capacity from eqs 7 and 12 or 14, respectively, based
on single-component adsorption-isotherm data correlated with
eq 5 is examined using experimental data from the literature.35-40

Figures 10 and 11, respectively, display the correlated adsorption
equilibria and predicted isosteric heats of adsorption and
adsorbed phase heat capacities for ethane and ethylene adsorbed
by Nuxite-Al activated carbon,35-36 BPL activated carbon,37

and 13X molecular sieve zeolite.38-40 Figure 10 shows that eq
5 satisfactorily correlates single-component adsorption equilibria
over relatively wide ranges of temperature and with reasonable
errors. The fitted parameters and absolute relative errors (ARE)
in the equilibrium pressure of each system are given in Table
2. This satisfactory performance certainly adds more reliability
to the predicted thermodynamic properties shown in Figure 11,
i.e., the isosteric heats of adsorption and the percent deviation
between the molar adsorbed and gas phase heat capacities.
Moreover, Figure 11 shows that the predicted values of the

Figure 10. Single-component adsorption equilibria for ethane and ethylene on Nuxite-AL activated carbon,35-36 BPL activated carbon,37 and 13X
molecular sieve zeolite.38-40 Symbols and lines represent experimental and correlated data, respectively.
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isosteric heats of adsorption in most cases agree well with those
reported in the literature using the UNILAN and Toth models
and the chain rule version of the Clausius-Clapeyron equation.25

Some cases, however, showed remarkable differences between
the values predicted in this work and the literature values as
well as between the literature values themselves when calculated
with different models. In all cases, both the isosteric heat of
adsorption and relative differences between the adsorbed and
gas phase molar heat capacities decrease with an increase in
the amount adsorbed, the former result being indicative of a

heterogeneous adsorbent. A more important and more interesting
result, however, is the very subtle effects of the temperature
dependence of the isosteric heat of adsorption on the difference
between the adsorbed and gas phase molar heat capacities.

When there is no observable temperature dependence of the
isosteric heat of adsorption, negligible differences result between
the adsorbed and gas phase molar heat capacities, in agreement
with the classical thermodynamic analysis carried out by
Sircar.5,34 This is the case for ethane and ethylene on Nuxite-
Al activated carbon and for ethane on BPL activated carbon.

Figure 11. Predicted isosteric heats of adsorption and percent deviations of the molar adsorbed phase heat capacity from the molar gas phase heat
capacity for ethane and ethylene on Nuxite-AL activated carbon.35-36 BPL activated carbon37 and 13X molecular sieve zeolite.38-40 Thick lines
indicate temperature-independent estimations from the literature25 using Toth and UNILAN isotherm models.
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However, a very slightly temperature-dependent isosteric heat
of adsorption leads to appreciable differences between the
adsorbed and gas phase molar heat capacities with relative
increases above the gas phase molar heat capacity ranging
between 11 and 24%. This is the case for ethylene on BPL
activated carbon and ethane and ethylene on 13X molecular
sieve zeolite. This temperature dependence of the isosteric heat
of adsorption, and therefore the difference between the adsorbed
and gas phase heat capacities, arises from the optimized value
of the surface heterogeneity term (i.e.,σ); thus, without
experimental verification, these results are somewhat specula-
tive. Nevertheless, their implications to the design and modeling
of adsorption processes cannot be overlooked.

Despite the almost weak temperature dependence of the
isosteric heat of adsorption and the mostly negligible deviations
between the adsorbed and gas phase molar heat capacities, such
temperature dependencies and heat capacity deviations can be
extremely important, especially when these heat capacity
deviations can reach values on the order of+20%. These
deviations also increase at lower temperatures, but the effect of
temperature on the adsorbed phase heat capacity is shown to
be less important than those of surface heterogeneity and
fractional surface coverage in the parametric study (see Figures
7-9). Moreover, these results agree with those in the parametric
study which show similar deviations between the heat capacities,
with predicted differences on the order of 10-2 kJ/(mol K) as
shown in Figures 7-9. Considering that the gas phase molar
heat capacities of components typically separated in industrial
adsorption processes are on the order of 0.05-0.15 kJ/(mol K),
adding such corrections to the gas phase heat capacities can
have a remarkable effect on the simulation of such processes.
This is especially true if the simulations are performed at
conditions where temperature effects on both the thermodynamic
properties and the process itself become important, like those
shown recently by Liu and Ritter in the simulation of a pressure
swing adsorption process.41

Conclusions

New analytic expressions for the isosteric heat of adsorption
and differential adsorbed phase heat capacity are derived from
an extension of the Fowler-Guggenheim adsorption isotherm
to account for a random heterogeneous surface based on a
uniform distribution of energies. The new expressions provide
a satisfactory and consistent description of the isosteric heat of
adsorption and the adsorbed phase heat capacity in terms of
fractional surface coverage, temperature, heterogeneity, and
lateral interactions. A parametric study gives considerable insight
into the roles of these parameters and shows that adsorbent
surface heterogeneity, fractional surface coverage, and lateral
interactions all have significant effects on the isosteric heat of

adsorption. The zero-surface coverage isosteric heat of adsorp-
tion increases with increasing surface heterogeneity and is not
affected by lateral interactions. Favorable (attractive) lateral
interactions increase the isosteric heat of adsorption with
increasing surface coverage on a homogeneous adsorbent;
however, this effect is overcome easily when increasing the
surface heterogeneity. The relative temperature dependence of
the isosteric heat of adsorption depends mainly on the adsorbent
surface heterogeneity and the fractional surface coverage; it also
becomes most pronounced on surfaces with an intermediate
heterogeneity ofs ≈ 1 and at zero or full (100%) fractional
surface coverages. A homogeneous surface results in a tem-
perature-independent isosteric heat of adsorption.

This study also shows that the differential adsorbed phase
heat capacity depends on fractional surface coverage, surface
heterogeneity, and temperature but not on lateral interactions.
The differential adsorbed phase heat capacity is equal ap-
proximately to the gas phase molar heat capacity either at a
fractional surface coverage of 0.5 or on a homogeneous surface.
However, the molar adsorbed phase heat capacity is, in most
cases, higher than that of the gas phase heat capacity and
decreases with either decreasing surface heterogeneity or
increasing fractional surface coverage. The deviations between
the molar adsorbed and gas phase heat capacities is always
important, especially at very high surface coverages, intermedi-
ate surface heterogeneities, or high lateral interactions (both
repulsive and attractive). The effect of temperature on the
adsorbed phase heat capacity is noticeable but less important
than the effects of fractional surface coverage and adsorbent
heterogeneity.

The applicability of this model to predict the isosteric heat
of adsorption and the molar adsorbed phase heat capacity from
experimental adsorption isotherm data is demonstrated also and
shows satisfactory agreement with published results. Moreover,
some of the systems examined exhibit a deviation between the
molar adsorbed and gas phase heat capacities of∼20% above
the gas phase molar heat capacity. Such a deviation results from
the optimized heterogeneity parameter when it meets or ap-
proaches the optimum temperature dependence conditions, as
illustrated in the parametric study. The magnitude of this
deviation also has important implications in the modeling of
adsorption processes that exhibit marked temperature effects.
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