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1 Introduction

This paper considers the constrained convex programming problem with the following separate
structure:

min {01 (z) + 02(y)| Az + By = b,z € R} ,y € R}, (1.1)

where 01 : R} — R and 03 : R — R are closed proper convex functions not necessarily
smooth, A € R>*™, B € R™™ are given matrices and b € R! is a given vector.

A very rich class of applications may be modeled as problem (1.1). In practice these classes
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of problems have very large size and due to their practical importance, they have received
a great deal of attention from many researchers. Various methods have been suggested, a
popular approach is the alternating direction method (ADM) which was proposed by Gabay
and Mercier [14] and Gabay [13]. The ADM can reduce the scale of variational inequalities by
decomposing the original problem into a series of subproblems with a lower scale. To make
the ADM more efficient and practical some strategies have been studied, for more details, one
can refer [7, 10, 18, 21, 22, 26, 29].

Let J(.) denote the sub-gradient operator of a convex function, and f(z) € 96;(z) and
g(y) € 002(y) are the sub-gradient of 01 (x) and 62(y), respectively. By attaching a Lagrange
multiplier vector A € R! to the linear constraint Az + By = b, problem (1.1) can be written

in terms of finding w € W such that

(W —w) ' Qw) >0, Vu €W, (1.2)
where
x f(z) —ATX
w=1y Quw)=| gy)=B™A |, W=R} xR xR (1.3)
A Ax+ By —b

Problem (1.2)—(1.3) is referred to as structured variational inequalities (in short, SVI).

Very recently, Yuan and Li [30] developed the following logarithmic-quadratic proximal (LQP)-
based decomposition method by applying the LQP terms to regularize the ADM subproblem-
s: For a given w® = (2% y*, \F) ¢ RL . x R, X R!, and pu € (0,1), the new iterative

(xF 1 R+ AR+ §s obtained via solving the following system:
f(z)— AT [)\k — H(Az + By* — b)} +R [(m — zF) + p(a* — X,fa:_l)] =0, (1.4)

g(y)— BT [Ak — H(Az + By — b)] +5 [(y — ")+l - Ykzy‘l)] =0, (1.5)
ML — \F _ H(AzF + ByF —b), (1.6)

where H € R*!, R € R"*"™, and S € R™*™ are symmetric positive definite.

Note that the LQP method was presented originally in [1]. It seems that it is easier to solve
a series of systems of nonlinear equations than to solve a series of sub-variational inequalities
in many cases. Later, Bnouhachem et al. [3, 4] and Li [24] proposed some LQP alternating
direction methods and made the LQP alternating direction method more practical. Each
iteration of the above methods contains a prediction and a correction, the predictor is obtained

via solving (1.4)-(1.6) and the new iterate is obtained by a convex combination of the previous
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point and the one generated by a projection-type method along a descent direction for [3, 24],
while the new iterate is computed directly by an explicit formula derived from the original LQP
method for [4]. The main disadvantage of the methods in [2, 3, 4, 5, 24, 30] is that solving
the equation (1.5) requires the solution of equation (1.4). Hence, the alternating direction
methods are not eligible for parallel computing in the sense that the solutions of (1.4)-(1.5)
cannot be obtained simultaneously. This characteristic excludes the possibility of applying
some advanced computing technologies to solve (1.4)-(1.5).

To overcome this difficulty, we propose a parallel descent LQP alternating direction method
for solving SVI. The main advantage of the proposed method is that the predictor is obtained
via solving a system of nonlinear equations in a parallel wise and the new iterate is obtained
by searching the optimal step size along the integrated descent direction from two descent

directions. Our results can be viewed as significant extensions of the previously known results.

2 The proposed method

This section states some preliminaries that are useful later. The first lemma provides some

basic properties of projection onto §2.

Lemma 2.1 Let G be a symmetry positive definite matrixz and  be a nonempty closed convex

subset of R', we denote by Po ¢ (.) the projection under the G-norm, that is,
Pq g (v) = argmin{|jv — ull¢ : ue Q}.

Then, we have the following inequalities.

(z — Pacl2]) "G(Poglz] —v) >0, Vze R, ve (2.1)
|Poclu] — Pacllle < lu—vlla, Yu,ve R (2.2)
lu — Poglallle < llz —ullg = 12 — Paglzllles Vze R ueq. (2.3)

We make the following standard assumptions.
Assumption A. f is monotone with respect to Rl and g is monotone with respect to R,

Assumption B. The solution set of SVI, denoted by W*, is nonempty.



We propose the following parallel LQP alternating direction method for solving SVI:

Algorithm 2.1.

Step 0.

Step 1.

Step 2.

Step 3.

The initial step:
Given ¢ > 0, € (0,1),81 > 0,82 > 0 (81 + B2 > 0) and w® = (2°,4°,\%) € R?, x
R™, xR Set k = 0.

Prediction step:

Compute @ = (&*, j*, 5\’“) € R, xR, x R! by solving the following system:

Fle) = ATIN — H(Az + By — )] + Rl(z — o)+ (b — XZa )] =0, (2.4
g9(y) — BT[N* — H(Az" + By — b)] + S[(y — ") + n(y* — Y2y~ )] =0, (2.5)
M=k — H(AZ* + Bi* —b). (2.6)

Convergence verification:

If max{||zF — ¥||co, ¥ — 7" |lo0, [IN¥ — M|l } < €, then stop.

Correction step:

The new iterate w**1(ay) = (¥, yF+1 AF+1) is given by:

W (ap) = (1 — o)w® + o Pylw® — ap,G7Ld(w®, @%)], o€ (0,1) (2.7)
where
Pk
ap = — , 2.8
¢ Grr Bt — (28)
o = |lw” — @F||5, + (A" = )T (A(2F — %) + B(y* - 7)), (2.9)
d(w*,F) = B1D(w", ") + oG (w" — "),
f(@k) — ATXY + ATH(A(z" — %) + B(y" — §*))
D(wk,@*) = | g(5*) — BTA* + BTH(A(2* — %) + B(y* — 7))
AFF + Bk — b
and
(1+u)R+ATHA 0 0 R+ ATHA 0
G = 0 (1+w)S+BTHB 0 M = 0 S+BTHB
0 0 H-1 0 0

0
0
H—l



Set k:=k + 1 and go to Stepl.

Remark 2.1 The main disadvantage of the methods proposed in [2, 3, 4, 5, 24, 30] is that the
unknown vectors x and y in (1.5) are overlapped. Note that the eligibility of parallel computing
is particularly preferable when the involved LQP system in (1.4)-(1.5) are large scale and thus
time consuming. So, we propose to solve systems of nonlinear equations (2.4)-(2.5) in a parallel
wise.

By using as special case of our method, we can obtain some new LQP alternating methods for

example:

o Ifahtl =gk oF 1 = gk and Nt = X in (2.4), (2.5) and (2.6), respectively, we obtain
a new method which is different from that proposed in [30]. In our proposed method,
problems (2.4) and (2.5), which produce & and §*, are parallel decomposed.

e If 81 =0 and B2 = 1, we obtain a new method, the new iterate is obtained along a new
descent direction (w* — w*). Also the new iterate in [24] is obtained along the descent
direction (w* — w*). But two descent directions are different, problems (2.4) and (2.5),
which produce the first descent direction (w* — @), are parallel decomposed. While the
vectors TF and §* in problems (1.4) and (1.5), which offer the second descent direction

(w* — @*), are overlapped.
e If f1 =1 and o = 0, we obtain the method proposed in [6].

Therefore, the new algorithm is expected to be widely applicable.

Remark 2.2 It is easy to check that ©% = (i*, 3", S\k) is solution of SVI if and only if

zF — 7k =0,
y' =g =0,
MNP =0

Hence, the stopping criterion adopted here is reasonable: if it is satisfied with a small €, we

can regard the current iterate as an approzimate solution.

Remark 2.3 We use the convexr combination of w* and Py[w* — G~ d(wk, w*)] in (2.7)
to ensure that the elements (x*+1 y**+1) of the new iterate w1 (ay) = (81, yF 1, NFHL) lie

Y n m
in € R, X RYL.



We need the following result in the convergence analysis of the proposed method.

Lemma 2.2 [30] Let g(u) € R™ be a monotone mapping of u with respect to Rt and R € R™"

be a positive definite diagonal matriz. For a given u* > 0, if Uy, = diag(uf,ub, - ul) and

u™! be an n-vector whose j-th element is 1/uj, then the equation
k k 2, —1\1 _
q(u) + R[(u — u”) + p(u™ = Ugu )] =0 (2.10)
has a unique positive solution u. Moreover, for any v > 0, we have

T 1 k 1— k
(v =) "qlu) > S (|lu = vl = u* = vlF) + Z*]u” — a7 (2.11)

In the next theorem we show that aj is lower bounded away from zero and it is useful for

the convergence analysis.

Theorem 2.1 For given w* € R, xR, X R, let WF be generated by (2.4)-(2.6), then we

have the following

e (212
and
o > 2 2\/5. (2.13)
Proof: It follows from (2.9) that
or =t —a*( + (W = A)T(AEE -7+ B - 7))

k_ =k k —k k_ ok k —k k_ 3k
2% — Z* (% + | Ax® — AZ*( + ly* — §*1& + 1By" — BF* |5 + 1IN — A*|[5-

+AF = N)T (A —7%) + By* — 7). (2.14)

By using the CauchySchwarz Inequality, we have

O = AT (A — %) > (ﬂuA@c’f -l + I - X’fn%,-l) (2.15)
and
O = ST (BF - ) 2~ (VEIBGE — P + I - ) (2



Substituting (2.15) and (2.16) into (2.14), we get

v

Pk

v

>

22 (ask — AP+ By — By + 13 = X¥m) + e — 34+ I - 741
22 (a0t — AT + 185 — B + I3~ )

+(2 - v2) (lla* = 1% + Iy - 7*1)

22 k= b+ (L= )l — 2+ (= )l — 7

22

Therefore, it follows from (2.8) and (2.12) that

and this completes the proof. O

3 Basic results

In this section, we prove some basic properties, which will be used to establish the sufficient

and necessary conditions for the convergence of the proposed method. The following results

are due to applying Lemma 2.2 to the LQP systems in the prediction step of the proposed

method.

Lemma 3.1 For given w® = (2%, y* A\F) € R", x R x R, let w* be generated by (2.4)-

(2.6). Then for any w* = (x*,y*, \*) € W*, we have

and

where

Proof:

Applying Lemma 2.2 to (2.4) by setting u* =

wk —w*)TGwh — k) > |lwh —@F % — plla* — 2} — plly® — 7513 51)
+AE =X T (A(z® — &%) + B(y* — §*))
(wF — ") T D(wk, %) > (wh —wh)TG(wh — @F) + [wh — @F |2
(3.2)
—pllk — &% — plly® — g%,
wl = (2, yf \F) = Py[w® — G d(w, @) (3.3)

Fou=2z% v=gin (2.11) and

q(uw) = f(3°) = AT\ — H(AZ" + By — b)),
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we get,
(2" = &) T{ p(@") - AT [N — H(AZ* + By* - b)] |

(3.4)
> B ()ak - |} - 2k - a7lIR) + S5 ek - 2
Recall
v ATk aky L (nakxp2 k%2 Lok kg2
(@ =) R@H =) = 5 (15" = 2"} = 2" —a*}) + 52" =% (35)
Adding (3.4) and (3.5), we obtain
(z* — 75T {(1+,u)R(x — k) — F(@F) + ATAF 4 ATHA(2F — 7%) 56

—ATH (A(z* - %) + By - 7)) } < plla* — 3|3

Similarly, applying Lemma 2.2 to (2.5), substituting v* = y*, u = ¥, v = y* and replacing R,
n with S, m, respectively in (2.11) and

q(u) = g(§*) = BT[N* — H(Az" + Bj* — b)),

we get,
(v* =" {9(5") - BT[\* = H(A<" + Bj* —b)]}
(3.7)
> B (gh -y I -yt - v7l3) + 22 - 2
Recall
s T ark _ ky L ko2 o Lok kg2
W =TS - =5 (19" -y IR = I =y 1) + 5l -7 05 (39)
Adding (3.7) and (3.8), we have
(v =7 {1+ wSW* — 7" — 9" + BT + BTHB(" - §)
~BTH(A(* — )+ By~ 5) } < ully” - 7% (3.9)
Since (z*,y*, \*) is a solution of SVI, #* € R, and Tal= R, , we have
(@ —a*) (fla*) = ATN) 20
" =y (9(y*) = BTA) =0
and
Ax* + By —b=0.
Using the monotonicity of f and g, we obtain
T . T
ik — f(@k)y — ATNF Tk — flz*) — ATX\*
g -y g(@) = BTN | > 7 -y gy ) —BTX* | >0.  (3.10)
PSS A% + Bj¥ —b P Azx* + By* —b



Adding (3.6), (3.9) and (3.10), we get
(w* — ") " G(w* — o)
= (z* =371+ p)R(zF — 7%) + ATHA(2F — 7%))
+y* =M (A + wSy" - §%) + BTHB(Y* - §"))

+(A\* = X T (A% + BjF —b)

IN

pllz® — 2% + (a* — M) TATH (A(a* — 2F) + B(y* — §))
+(y* — ") TBTH (A(z* — &%) + B(y* — §)) + plly* — 7*|1%
= pllak — @3 — (AZF + BgF —b)TH (A(z® — &%) + B(y* — %)) + plly® — %1%

= pllat = 35— (W = M) T (A(" - 3%) + Bk — 37)) + plly® — 5¥11%
(3.11)

where the last equality follows from (2.6). It follows from (3.11) that
(wF — w*) TG (wk — k)
> ok — @G = pla? = (R - pllyE = GG+ = M) T (AR - 3F) + ByF - 5%))
and the first assertion of this lemma is proved.

Similarly as in (3.6) and (3.9), we have

(zk — gzk)T{u + ) R(zF — &%) — f(@*) + ATAF + ATHA(2* — 3F)

*

(3.12)
—ATH (A"~ %) + B(y* - 7)) } < plla — 2%
and
e =7 (1 + WS — 7 - 9(7") + BTN + BTHB(y" — ) _
~BTH(A(* — &%)+ By — 7)) } < ully* - 7
It follows from (3.12) and (3.13) that
T -
ok i (1+ )R+ ATHA)(2* — &%) — f(#%) + ATRF — ATH (A@@h — ) + B! — )
vt — i (1 + )8+ BTHB)(" %) — g(5%) + BTM — BTH(A(* — &) + B(y* — )
Ab — )k H=Y (AR — X\F) — (A" + Bj* —b)

< pllz* — %% + plly* — 7¥)1%,

which implies
(wf —a") T (G(w* = ") = D(w”, ")) — plla® = 7% - ully® - 3*1% <o.
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By simple manipulation, we obtain

> (wf = ") Gwh —@*) — plla® = 2" (F - ully* — 5"
= (wi — ") G — @) + [w* = @*G — plla® — 2*(F - plly® - 7"1F
and the second assertion of this lemma is proved. O The following theorem provides a

unified framework for proving the convergence of the new algorithm.
Theorem 3.1 Let w* € W*, wkT!(ay) be defined by (2.7) and

O(ay) = [k — w* % — k() — w2, (3.14)
then

Oar) > o(w” —wk — (B + B2)(w* — @)%
(3.15)

+20,(B1 + B2) o — o (B1 + B2)?|[wh — @F||Z).

Proof:  Since w* € W* and w¥ = Py[w® — ay,.G~1d(w¥, ")), it follows from (2.3) that
lwf —w*|& < lw® = arGHd(w®, @*) — w7 — u* — G d(w®, 0%) — wilE. (3.16)
From (2.7), we get

™ (o) — w17
= (1 - o) (w" —w*) +o(wl — w9

= (-0’ —w|E + o?|wl — w*[|& +20(1 — o) (w" — w*)TG(wi —w").
Using the following identity

2(a+b)'Gb = lla+blZ — llallg + bl

10



for a = w* —w¥, b = wk — w*, and (3.16), we obtain
[+ (o) — w* (I
= (1-0)?w* —w|g + o?lwl —w*|E + (1 — o) {|[w* — w||Z
[l = wilZ + wk — wllE}

= (1= 0o)llw* —w'|g +ollwt —wE — o(1 - o)|w* — willZ

(3.17)
< (1-o)|w* —w % + o|w* — G~ d(wk, o%) — w*||%
—olw* — oG~ d(w", ") — wl|Z - o(1 - o)k — wi|E
< (1-o)wt —wg + ol - apGTld(wk, @) — w
—o|jw? — apGLd(wk, oF) — wk|Z.
Using the definition of ©(ay) and (3.17), we get
Oow) > ol —ubl + 2oap(ut — uh)Td(wt, i)
+20 0 (w* — w*)Td(w, o). (3.18)

It follows from (3.10) that

(@* —w) "D @) > (@ —w)" | BTH (A" - 3%) + B(y* - 7*))

Thus,

(w¥ = w) Dk, @) > (w* ") D@, a¥) + (W = 39T (A -3 + B - ).
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Applying (3.1) and (3.19) to the last term on the right side of (3.18), we obtain
O(ag) > UHwk — waZG + QJak(wf — wk)Td(wk, 11)’“)
+20a,{f1(w* — @) TD(wk, @) + (B + B2) (N = )T (A(2* — 2%) + B(y* — 7))
+B2llw® — WF|IE = Boplla® — TF (|7 — Bopelly® — 7F1%}
= offlwk —wk|g + 20p81 (wh — @*)T D(w*, @)
+2ap,f2 (wf — w*) TG (w* — @)
+205(B1 + Bo) (N = )T (A(h = 3%) + By — 7))

+2ay,Ba||wk — WF||4 — 20 Bop|z® — EF(|% — 20 Boply* — FFI1E T
(3.20)

Applying (3.2) to the second term in the right side of (3.20) and using the notation of ¢y in
(2.9), we get

Oar) > ofllwt —whE +20k(81 + o) (wh — w*)TG(w* — ")
201,81 + o) [lw* — @3 — plla® — 2 F - plly* - 513
AT (A -3+ B - 7)1}

= ofllut —wh — ay(B + B2) (w* — 7Y

—ag (B + B2)w® — @G + 20k (B + B2)on}

and the theorem is proved. O
From the computational point of view, a relaxation factor v € (0,2) is preferable in the

correction. We are now in a position to prove the contractive property of the iterative sequence.

Theorem 3.2 Let w* € W* be a solution of SVI and let w**1(yay) be generated by (2.7).

Then w* and @* are bounded, and
lo** (va) = w* |G < Jlw® — G = ellw® —a®|, (3.21)

where

71(2-7)(2-v2)?
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Proof: It follows from (3.15), (2.12) and (2.13) that

[ (ya) — w1

<k — w|Z — o(2yar(Br + Ba)er — v2a2(Br + Bo)?|w" — F|Z)
= |w” —w*|& =2 —7) (B + B)aropy,
<k —wt|E — DENRVRE k2,

Since 7y € (0,2), we have
" — wllg < [Ju* —wlle < - < lw’ — w'la,

and thus, {w*} is a bounded sequence.

It follows from (3.21) that

o
> dllwt — i < +oc.
k=0
which means that
lim ||w® — @"||g = 0. (3.22)
k—o0
Since {w*} is a bounded sequence, we conclude that {1w*} is also bounded. O

4 Convergence of the proposed method

In this section, we prove the global convergence of the proposed method. The following results

can be proved by using the technique of Lemma 5.1 and Theorem 5.1 in [2].

Lemma 4.1 For given w® = (2F,y* \F) € RY xR, xR, let w = (zF, g*, ;\k) be generated

by (2.4)-(2.6). Then for any w = (z,y,\) € W, we have

(z — &7 (f(gék) —ATXN —ATHA(2* — 2%) + ATH (A(a:’“ — &)+ By - z?k)))

v

(2% — )T R{(1 + ) — (ua® + &*)) (4.1)
and

(v -7 (95" — BTN = BTHB(" — %)+ BTH (A(* - #*) + Bs" - 7))

> (W =) S{(+ wy — (uy* + M)} (4.2)
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Proof:  Applying Lemma 2.2 to prediction step of LQP-ADM (by setting u* = z*, v = ¥,
q(u) = f(@") — AT[A\* — H(AZ" + By* — b)] and v = z in (2.11)), it follows that

(z— &)T{ f(@") - AT [N — H(AZ" + By* - b))}
> B (gt alf - ok - all}) + St - 7%,
which implies

(2= &7 (f(55) — ATXF — ATHAGF — 3%) + ATH (A@* — 3% + B" — 7))

1 1— ~
> L (i - alf - oF - all}) + 2t - %

By a simple manipulation, we have

Lo (|17 — alf} — [lo* — ol%) + 52 et — 311
= (14 waT Re* — (14w R — (1 — )@ Re* — pula*|% + 7]
= (1 +pazTREF - zF) — (aF — )T R(ua® + zF)
= @ TR{L+ pa — (b + 7)),
and the assertion (4.1) is proved. Similarly we can prove the assertion (4.2). 0

Now, we are ready to prove the convergence of the proposed method.

Theorem 4.1 The sequence {w*} generated by the proposed method converges to some w™

which is a solution of SVI.

Proof: It follows from (3.22) that

lim |z* — #%||g = 0, lim [|y* —§"||s =0 (4.3)
k—o0 k—o00
and
lim ||\ — X¥|| -1 = lim ||AZ* + Bg* —b||g = 0. (4.4)
k—o0 k—o0

Moreover, (4.1) and (4.2) imply that
(@ =) (f(3") - ATAY) > (@ =) R{(1+ pa — (ua® + 7*)}
oz — )T (ATHA(SCk _ by ATH (A(:ck — )+ B(yk — yk)))
and
(=39 (9@ - B") = (o = d")"S{(1 + wy — (u* + 7"}
+y - )" (BTHB(! - §") - BTH (A" - 3*) + B! - 7).
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We deduce from (4.3) that
limg o0 (z — 20)T{f (&%) — ATNF} > 0, Vo e R,

limy o0 (y — §%) 7 {g(5%) — BTA*} >0, Yy € RT,.

(4.5)

Since {w*} is bounded, it has at least one cluster point. Let w™ be a cluster point of {w*}

and the subsequence {w*i} converges to w™, since W is closed set, we have w>® € W. It

follows from (4.4) and (4.5) that (4.5) that
lim; oo (@ — 29 T{ f(z¥) — ATAR} >0, Vo € Ry,
limj o0 (y — y%) {g(y") — BT A >0, Vy € RT,,
lim;—yo0 (Az* + By*s —b) = 0.
and consequently
(x — )T {f(2*°) — ATA>®} >0, Vo € Ry,
(v —y>)"{g(y>) — BTA*} > 0, Yy € RT,,

Ax>*® 4+ By*® —b=0,
which means that w™ is a solution of SVI.

Now we prove that the sequence {w"*} converges to w™. Since

lim [Jw* —@|g =0, and {@"} — w™,

k—o0
for any € > 0, there exists an [ > 0 such that

~k oo € ki _ ok ¢

[o* —w¥lle <5 and ™ —a%|le < 3.

Therefore, for any k > ki, it follows from (3.21) and (4.7) that
lw* —w®|le < Wb —w¥|le < ' — "¢ + & - w*|le < e

This implies that the sequence {w"*} converges to w™ which is a solution of SVI.

Now we prove that the sequence {w*} converges to w™. Since
lim ||w® —@F||¢ =0, and {@"} — w™,
k—o0

for any € > 0, there exists an [ > 0 such that

~kl

W ki

€
—wOOH < — and Hwk’—w
G 2

<€
G 2
Therefore, for any k > ki, it follows from (3.21) and (4.7) that
lw* —w®|e < lwh —w¥|e < [ =@M + 0" — Wl < e

This implies that the sequence {w*} converges to w* which is a solution of SVI.
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5 O(1/t) Convergence Rate

In this section, we show by taking 51 = 1 and B2 = 0 that the proposed method has the O(1/t)
convergence rate. Recall that W* can be characterized as (see (2.3.2) in pp. 159 of [11])
W= () {beWw: (w-u"Qw) >0}
wew
This implies that w is an approximate solution SVI of with the accuracy € > 0 if it satisfies
weW and sup {(w—u)TQw)} <e. (5.1)
wew
In the rest, our purpose is to show that after ¢ iterations of the proposed method, we can find

a w € W such that (5.1) is satisfied with e = O(1/t). Since 51 = 1 and B2 = 0, we have

f(@F) — ATNF + ATH(A(z* — 7%) + B(yF — §%))
d(wb, wF) = | g(#*) — BTXF + BTH(A(z" — &%) + B(y* — %)) |- (5.2)
Ak 4+ By —b

We introduce some matrices

I 00 (1+u)R+ATHA 0 0
N=|lo0oTo0 and C = 0 (1+uw)S+BTHB 0 . (5.3)
000 —A -B H!

By simple manipulations, we can find that C = GN.

Our analysis needs a new sequence defined by

z T
Wt = g | = g (54)
AF N — H(Az* + ByF —b)

(w® — k) = N(w* — ). (5.5)

d(w”, w*) = Q(w"). (5.6)

Lemma 5.1  Let @ be defined by (5.4), w € W and the matriz C be given in (5.3). Then,
we have

(w = @) Q") — Ow — @) = —plla® — %% — plly* — 5°)3. (5.7)
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Proof: It follows from (3.6) and (3.9) that

(z — gzk)T{(1 + ) R(z% — &%) — F(@) + ATAF + ATHA(ab — &%)

(5.8)
—ATH (A* =)+ By* — 7)) } < plla® - 2}, @ e R2,
and
(- 7)T{(1+ WS~ ) - 95*) + BTN + BTHB(y" — )
~BTH(A ~ )+ B~ 5") } <ully - 513, ye Ry, (5.9)

Then, by using the notation of @* in (5.4), (5.8) and (5.9) can be written as

(= &%) T{(L+ p)R(a* — &%) = f(3%) + ATV + ATHA(R — %)} < plla — 353, @ e Ry,

(5.10)
and
(v —")T{ 1+ WS — %) — ") + BTN + BTHBW! — i)} <l — %13, v e R,
(5.11)
In addition, it follows from (2.6) and (5.4) that
A% + B — b+ H'(\F = AF) — A@@% — 2F) — B(* — %) = 0. (5.12)
Combining (5.10)—(5.12), we get
T A
ok — 3k f(@F) = ATAF — (14 p) R+ ATHA) (zF — 2F)
y* =g g9(9*) = BTA¥ — (1 + w)S + BTHB) (y* - §*) > —plla* =" % —plly" =" 12
AR}k AZ* 4 ByF —b— A(z* — &%) — B(y* — gF) + H-1(\F — AF)

Recall the definition of C in (5.3), we obtain the assertion (5.7). The proof is completed.
O

Lemma 5.2 For given wk € RY xR, x R! and let w” be defined by (3.3). Then, we have

HIE = s —vaiw —a®lz.  (5.13)

MM—t

. 1
you(w — ") Q(w) + S (||lw — wh g — w—w
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Proof: Since wk € R", x R, x R, substituting w = w¥ in (5.7), we get

vag(wf — M TQWF) > yag(wk — wF) O — @F) — pf|a* — 2 |1F — wlly® - 97 I1F

= yap(w® — )T C(wP —@*) + vy (wh — )T C (W — ")

—plla® = #*% — plly” — 9" (15
— (b — )T (NHTON (w — @)
+yog(wlf — wh)TCNT wh — %) — plla® — 2% — plly® — 77113
ot — )TN M (b — @) + e (w — M) G — )
k

= yapp(w®, i) + yog(wh — wh) T G(wh — ")

~ 1 1 ~
> qap(ut,i¥) - St - whE — Sr%adlut -t

2
1 K Low &
= 57(2—7)0%”10—10 1% — §||w — wl||%. (5.14)

On the other hand, using (3.3) and (5.6), w” is the projection of w* — yarG~1Q(w*) on W,
it follows from (2.1) that

(W =740, GT1 Q") — wl)TG(w —wi) <0, VweW

and consequently

yor(w —wi)" Q@) > (w" —wi)" Glw —wf).

Using the identity a”b = £ (||a]|? — [|a — b||*> + ||b]|?) to the right hand side of the last inequal-

ity, we obtain

. 1
Ya(w —wh)TQ(*) = 3 (Ilw— wh|Z — fw - whE) + St - wh|?. (5.15)

| =

Adding (5.14) and (5.15), we get

. . 1 .
you(w — ") Q") + 5 ([lw — wh(|Z — [lw — wilE& > 572 = y)aillw - w"(IZ

DO | =

and by using the monotonicity of @, we obtain(5.13) and the proof is completed. ad

Lemma 5.3 For given w® € R?, x RT, x R! and let w*(yay) be generated by (2.7).

Then, we have

—_

R 1 .
wak(w—wk)TQ(W)+§(Hw—wk!%—Hw—wk“(’yak)\% > 5072 —7)aifw—a"|Z. (5.16)

2
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Proof:

k k

k k k
Planle = It —wllg = llw® - o(w® —w) —wl?

k
lw —w* )& = flw —w

= 20(w" —w, 0" —wl) - o?|w* —wlf

= 20{[Jw* — Wil — (w —wi,w* —w)} — ot —wilE
(5.17)
Using the following identity
1 1
(w—whwt—wb) = (k= wld -t = w]2) + 5wt -k,
implies
lw? —w g = 2(w — wi, w* —wi)) = (Ju* —w||E — wk —w|3). (5.18)
Substituting (5.18) into (5.17), we obtain
lw —w*|E = lw = (yan) G = o(lw = whlIE — Il = wilg) + o (1 - o)|lw* —wi|Z
> o(|lw - wtIE — llw — wl). (5.19)
Substituting (5.19) into (5.13), we obtain (5.16), the required result. O

Now, we are ready to present the O(1/t) convergence rate of the proposed method.
Theorem 5.1 For any integer t > 0, we have a wy € W which satisfies

(W — w)TQ(w) < 70T, ||w — w0H2G, Yw e W,

where
t t
N 1 k
Wy = ™ Zakw and T, = Z -
t k=0 k=0

Proof:  Summing the inequality (5.16) over k = 0, - - -, ¢, we obtain

t t T
((Z ’yaak> w — Z’yaakwk> Q(w) + %Hw — % > 0.

k=0 k=0

Using the notations of Y; and @, in the above inequality, we derive

(e~ w) Q) < 5w — w2 Vi € W.

L ... ' The proof is completed.

Indeed, w; € W because it is a convex combination of w?, w
a

It follows from (2.13) that




Suppose that for any compact set D C W, let d = sup{|jw — w°||g|w € D}. For any given

€ > 0, after most
d2

= [(2 —V2)voe

_1]

iterations, we have

(wy — w)TQ(w) < e, Yw € D.

That is, the O(1/t) convergence rate is established in an ergodic sense.

6 Preliminary computational results

In this section we set two examples and applied the proposed method.

6.1 Numerical experiment I

In order to verify the theoretical assertions, we consider the following optimization problem

with matrix variables:

1
min{QHX—CH%:XeSi}, (6.1)

where || - || is the matrix Frobenius norm, that is,

1/2
n n
Icle =D Y 1Cu1*] .
i=1 j=1
sp={HeR™™ BT = H, H=0}.
Note that the matrix Frobenius norm is induced by the inner product
(A, B) = Trace(A' B).
Note that the problem (6.1) is equivalent to the following:
min 3| X — CJ* + 5[y = €|
st XY =0, (6.2)
X,Y € 5%,

by attaching a Lagrange multiplier Z € R™*" to the linear constraint X —Y = 0, the Lagrange

function of (6.2) is
1 2 1 2
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which is defined on ST x ST x R™ ™. If (X*,Y*, Z*) € ST x ST x R™ ™ is a KKT point of (6.2),
then (6.2) can be converted to the following variational inequality: find u* = (X*,Y*, Z*) e W
= ST x ST x R™" such that

(X — X* (X*=C)—Z*) >0,
Y -Y* (Y*=C)+ 2" >0, Yu=(X,Y,Z)eW, (6.3)

X*=-Y*=0.

Problem (6.3) is a special case of (1.2)—(1.3) with matrix variables where A = I,,xp, B =
—Inxn, b=0, f(X) =X -C,g9(Y)=Y —C and W = S} x ST x R™".

For simplification, we take R = rl,xn, S = slyxn and H = I,,«, where r > 0 and s > 0
are scalars. In all tests we take u = 0.5, v = 1.98, p = 0.5, ¢ = 0.95, 51 = 0.5, 52 = 0.05,
C =rand(n) and (X°, Y% Z°) = (Iyxn, Inxn, Onxn) as the initial point in the test, and r = 1,

s = 10 in tables 3—4. The iteration is stopped as soon as
mac {|X* — X¥|, | Y* - ¥4, 125 - 2%} < 1075,

All codes were written in Matlab; we compare the proposed method with that in [24]. The
iteration numbers, denoted by k, and the computational time for problem (6.1) with different
dimensions are given in Tables 1-4.

Tables 1-2 show the efficiency of the proposed method and its superiority to the method of Li
[24] in terms of number of iteration and CPU time.

From tables 3—4, we could see that the proposed method works well when (; is too large and
B2 is too small. If the parameter (s is too large, the iteration numbers and the computational

time can increase significantly.

6.2 Traffic equilibrium problems

In this subsection, we apply the proposed method to the traffic equilibrium problems and
present corresponding numerical results. We consider a network [N, L] of nodes N and directed
links L, which consists of a finite sequence of connecting links with a certain orientation.
Let a,b, etc., denote the links, and let p,q, etc., denote the paths. We let w denote an
origin/destination (O/D) pair of nodes of the network and P, denotes the set of all paths
connecting O/D pair w. Note that the path-arc incidence matrix and the path-O/D pair

incidence matrix, denoted by A and B, respectively, are determined by the given network and
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O/D pairs. To see how to convert a traffic equilibrium problem into a variational inequality,
we take into account a simple example depicted in Fig.1.
For the given example in Fig.1, the path-arc incidence matrix A and the path-O/D pair

incidence matrix B have the following forms:

No.link 1 2 3 4 5 No. O/D pair  w; wy
00100 10
1 00 01 10
A= , B =
00010 0 1
01001 01

Let x;, represent the traffic flow on path p and f, denote the link load on link a, then the

arc-flow vector f is given by
f=A'z (6.4)

Let d,, denote the traffic amount between O/D pair w, which must satisfy

dy= > zp. (6.5)

pePR,

Thus, the O/D pair-traffic amount vector d is given by
d=B"z. (6.6)

Let t(f) = {ta,a € L} be the vector of link travel costs, which is a function of the link flow.
A user travelling on path p incurs a (path) travel cost 6,. For given link travel cost vector ¢,

the path travel cost vector 6 is given by
0 = At(f) and thus 6(z) = At(A z). (6.7)

Associated with every O/D pair w, there is a travel disutility A\, (d). Since both the path costs
and the travel disutilities are functions of the flow pattern z, the traffic network equilibrium

problem is to seek the path flow pattern z* such that
2*>0 (z—z*) F(z*) >0, VYz>0 (6.8)

where

Fy(z) =0,(x) — A\y(d(z)), Vw, peP, (6.9)



and thus
F(x) = At(A"z) — BA(B'z). (6.10)

By introducing a positive slack variable y > 0 and setting g(y) = 0 and B = I, the problem
can be converted into (1.2)-(1.3). The constraints set of problem with link capacity bounds is
S={xe€R"| ATz <b, x> 0}, where b is a given capacity vector. We apply the proposed
method to the example taken from [25] (Example 7.4 in [25]), which consisted of 20 nodes,
28 links and 8 O/D pairs. The network is depicted in Figure 2. For this example, there are
together 49 paths for the 8 given O/D pairs and hence the dimension of the variable z is
49. Therefore, the path-arc incidence matrix A is a 49 x 28 matrix and the path-O/D pair
incidence matrix B is a 49 x 8 matrix. The user cost of traversing link « is given in Table 5.

The disutility function is given by
)‘w(d) = —mudy + qu (6.11)

and the coefficients m,, and g, in the disutility function of different O/D pairs for this example
are given in Table 6.

In all test implementations, we take 2% = (1,...,1)7,4° = (1,...,1)T and A = (0,0,...,0) "
as the starting point, and u = 0.01,7 = 1.8,8; = 0.2, 82 = 1.5,0 = 0.95, R = 100/, S = 10/

and H = 20I. For this test problem, the stopping criteria

i {H’Q”z fesh s ea )l b < (6.12)
where
) o Py {a* — [f(a) — ATAH))
e(w") = | ey(wh) | =] y¥ = Pro{y* —lo(y*) — BTA}
ex(wk) Az* + By* —b

We report the numbers of iteration and the CPU time for different capacities and different ¢ in
Tables 7-8. As illustrated in the above, the output vector x is the path-flow, and the link flow
vector is ATz. In fact, y* in the output is referred to as the toll charge on the congested link.
For the example with link capacity b = 40 we list the optimal link flow and the toll charge in
Table 9. Indeed, the link toll charge is greater than zero if and only if the link flow reaches
the capacity.

Tables 7-8 show that the proposed method solves the traffic equilibrium problem very effi-

ciently.
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7 Conclusions

In this paper, we proposed a new modified logarithmic-quadratic proximal alternating direction
method (LQP-ADM) for solving structured variational inequalities. Each iteration of the new
LQP-ADM includes a prediction step where a prediction point is obtained by solving series of
related systems of nonlinear equations in a parallel wise, and a correction step where the new
iterate is generated by searching the optimal step size along a new descent direction. Global
convergence of the proposed method is proved under mild assumptions. Some preliminary
numerical results are reported to verify the effectiveness of the proposed LQP-ADM in practice.
The proposed method converges quite quickly when proper fixed parameters 51 and (o was
chosen. However, these proper parameters are unknown beforehand. If the parameter (o is
large or (; is small, the number of iterations could be significantly large. How to choose

suitable parameters 51 and (s for different problems is difficult and deserves further research.

Acknowledgement. The authors are very grateful to the referees for their careful reading,
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Figure 1: An illustrative example of given directed network and the O/D pairs
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Figure 2: A directed network with 20 nodes and 28 links

29



List of Tables

© oo N O o«

Numerical results for the problem (6.1) with r =0.5, s=5 . . . . . . .. 31
Numerical results for the problem (6.1) with r =1, s=10 .. ... ... 31
Numerical results of the proposed method for the problem (6.1)with dif-

ferent B . . . . . 32

Numerical results of the proposed method for the problem (6.1) with

different Bo . . . . Lo 32
The link traversing cost functions ¢,(f) in the example . . . . . .. . .. 33
The O/D pairs and the parameters in (6.11) of the example . . . . . .. 33
Numerical results for for different e with 6=30 . .. ... . ... .. .. 34
Numerical results for different e with b=40 . . . . ... ... ... ... 34
The optimal link flow and the toll charge on the link when b =40 . . .. 35

30



Table 1: Numerical results for the problem (6.1) with r = 0.5, s =5

Dimension of | The proposed method || The method in [24]
the problem | k CPU(Sec.) k CPU(Sec.)
100 52 0.98 70 2.32
300 o7 5.32 78 7.04
500 60 12.74 82 14.53
700 62 27.12 85 30.98

Table 2: Numerical results for the problem (6.1) with r =1, s = 10

Dimension of | The proposed method || The method in [24]
the problem | k CPU(Sec.) k CPU(Sec.)
100 114 1.13 125 2.54
300 128 7.71 140 8.49
500 134 26.94 147 8.25
700 139 57.53 152 59.27
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Table 3: Numerical results of the proposed method for the problem (6.1)with different

A
Dimension of || f1 = 0.5 and 82 =0.01 | Sy =5 and B2 = 0.01 || 51 = 10 and S = 0.01
the problem | k CPU(Sec.) k CPU(Sec.) k CPU(Sec.)
100 114 1.13 110 1.51 109 1.42
300 128 7.71 123 6.75 122 6.71
500 134 26.94 129 27.16 128 26.25
700 139 57.53 133 65.39 132 59.27

Table 4: Numerical results of the proposed method for the problem (6.1) with different

Ba
Dimension of || 51 = 0.5 and B2 =0.01 | 81 =0.5 and B2 = 0.05 | 1 = 0.5 and B2 = 0.1
the problem | k CPU(Sec.) k CPU(Sec.) k CPU(Sec.)
100 114 1.13 138 1.13 175 1.94
300 128 7.71 156 8.18 198 10.23
500 134 26.94 163 35.23 207 44.24
700 139 97.53 168 80.55 213 100.22
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Table 5: The link traversing cost functions ¢,(f) in the example

1070 fE+ 51 + 2f2 + 500
1070 f3 + A fa +4f1 + 200
1072 f + 3f3 + fa + 350
1072 ff 4+ 6f4 + 3f5 + 400
ts(f) =6-1075f2 + 6 f5 + 4f6 + 600
te(f) = Tfe + 3 f7r + 500

t7(f) =8-1075fF +8f7 + 2fs + 400
ts(f) =4-1075f3 + 5fs + 2f9 + 650
to(f) = 1075 fg + 6 f9 + 2f10 + 700
tio(f) = 4f10 + fi12 + 800

t1(f) = 7-107° fl} + 7 f11 4+ 4f12 + 650
t12(f) = 8fi12 + 2f13 + 700

t13(f) = 1077 fi5 + 7 f13 + 3 f1s + 600

t14(f) = 8f14 + 3 f15 + 500

t15(f) = 3- 1072 fi + 9f15 + 214 + 200
t16(f) = 8f16 + 5.f12 + 300

tir(f) =3-107° f; + Tfi7 + 2f15 + 450
t1s(f) = 5f18 + fi6 + 300

t19(f) = 8f19 + 3f17 + 600

too(f) = 3-107° 3 + 6 fa0 + fo1 + 300

to1(f) =4-107° 3 4+ 4fo1 + fa2 + 400
too(f) =2-107° f3, + 6 fao + foz + 500
tas(f) = 3-107° 35 + 9 faz + 2 foq + 350
toa(f) = 2-107° f3, + 8faa + fos + 400
tos(f) = 3-107° f35 + 9 fas + 3 fos + 450
ta6(f) = 6-107° fag + 7 fa6 + 8 for + 300
tor(f) =3-107° f3; + 8 far + 3 fog + 500
tos(f) = 3 - 1075 fis + 7fas + 650

Table 6: The O/D pairs and the parameters in (6.11) of the example

(O,D) Pair w (1,20) | (1,19) | (2,17) | (4,20) | (6,19) | (2,20) | (2,13) | (3,14)
my, 5 6 1 6 10 10 5 4

G 1000 | 2000 | 5000 | 1000 | 5000 | 2000 | 1000 | 2000
No. of the paths 10 9 6 7 4 9 2 2
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Table 7: Numerical results for for different € with b = 30

Different || The proposed method || The method in [30]

€ No. It. | CPU(Sec.) || No. It. | CPU(Sec.)
107° 107 0.68 169 1.12
1076 125 0.79 197 1.18
1077 143 0.87 225 1.39
1078 161 0.96 253 1.15

Table 8: Numerical results for different ¢ with b = 40

Different || The proposed method || The method in [30]

€ No. It. | CPU(Sec.) || No. It. | CPU(Sec.)
107° 98 0.72 154 1.53
10-¢ 114 0.85 180 1.71
1077 131 0.99 206 1.85
1078 148 1.11 231 2.11
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Table 9: The optimal link flow and the toll charge on the link when b = 40

Link | Flow | Charge || Link | Flow | Charge || Link | Flow | Charge || Link | Flow | Charge
1 0 0 8 132.90 0] 15 |27.06 0 22 |33.95 0
2 11294 0 9 0 01 16 5.27 0 23 0 0
3 140.00| 251.6| 10 0 01 17 1.83 0 24 |12.94 0
4 11294 0 11 0 01 18 |32.90 0| 25 |40.00 | 1245.5
5 0 0] 12 |33.95 0 19 0 0 26 |32.33 0
6 |40.00 | 1254.1| 13 |27.06 01 20 0 01 27 |34.16 0
7 134.73 0 14 |12.94 0 21 0 0| 28 0 0
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